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ï�� I�� ðgM D F ï G � IKJ�JKJ�I GBLHð L�� ï � ï G � ð IKJ�JKJ�I�� ïHG L?ð\ð ^���ï F±ðï�� I�� ðgM D N,F ïHG � I�J�JKJ8I G L ð L�� ï � ï G � ð IKJ�JKJ�I�� ïHG L ð\ð��^���ï F±ðï�� I�� ðgM D @BAPC � Q @BAPC R L�� ï	� I
� ð M D @BA�C � B?>�U ï�� I�� ðgM D @BAPC Rï�� I�� ðgM D @BAPC �TS @BAPC R L�� ï	� I
� ð M D @BA�C � =Cd ï�� I�� ðgM D @BAPC Rï�� I�� ðgM D U�Gv; @BA�C L�� ï	� I
� Û G����
?Ü�ð M D @8APC Ö�=Cd�O�=CXYI�
m^��
ï�� I�� ðgM DfX G·; @BA�C L�� ï	� I
� Û G����
?Ü�ð M D @8APC Ö�=Cd�BHRNR�
 ^��
ï�� I�� ðgM D F ï G � IKJ�JKJ�I GBLHð L�� ï � ï G � ð IKJ�JKJ�I�� ïHG L?ð\ð ^���ï F±ðï�� I�� ðgM D [ B?RWØ�B:A�O
ï�� I�� ðgM D =?> � Q =Z> R L�� ï	� I
� ð M D =?> � B?>�U ï	� I
� ðgM D =Z> R
ï�� I�� ðgM D @BAPC D�\ =?> L�� ï	� I
� ð M D =?> ØMÚ�IS>�I5`?I5d ï�� I�� ðgM D @BAPCï�� I�� ðgM DfX G·;W=Z> L�� ï	� I
� Û G����
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m^��

ì BHb�RNI e?;8D�ISXÁBH>l×\LP�SO�=?Ö3Ù�dyI(qw�(=C>�U�LW×\LN=?>�OMB?>�UT�(RPBHF�O\I5O

sw>±=?d�U�ISd�×y=�U�I5B?RHØMLW×\ÚK>�I5@CBa×yLW=C>�O$�S=?>�`?I5>�LWI5>l×\RNA?G¬Ø�Ird\I~O#×yd\LP�¬×�=?F�dyO\ISRN`?I~O�×\=cä��¥åtà�i¬ç�äHå¯â-æHç��
� i\à�à}Ö�=?dyXcF�RNBCOSz 	ËIYLN>C×yd\=�U�F8�(IZB[>�=?×\LN=?>k=?Ö!O#×ydyBH×\LWÝ8�SBH×\LN=?>kO\LNXYLNRPBHd�×\=»×\Ú�IY=?>�I}ØMÚ�LP��Ú
LPOg��>�=aØM>EÖ�dy=?X��}äHåtä��Wæ?j�Û ��G�e5gaÜÌz�o��(RPBHF8O�I]=Z>�LPO
B?> ä���åwà�i¬ç�äaåÌâ-æaç�� � i\à�à ��à�äaÞ�å"!!â$#(ß�æHâÍç�å
� æ i¬êYë%�Wä ï-o�í�Vp�&Ö�=Cd\X}F�RNBTÖ�=CdcO\Ú�=?d\×�ð±LWÖML¥×YÚ�B?OK×\Ú�IÁÖ�=Cd\X =?> D =Z> � Q J�JKJ Q =?>�LlG�B?>�U×\Ú�ISdyIYLPOKB1Ö�F�>��¬×yLW=C> A'&�(*) ; <+�-,�O\F���Úk×\Ú�BH×KÖ�=?dKBHRNR/.bD�e I�JKJ�J8I a�G�×\Ú�IYÖ�=CRWRN=aØMLW>�@Ù�dy=?Ù�ISd\×\LNI5O�Ú�=CRNU$;

0 BHRNR�Ù�d\I~U�LP�SBa×yI5O�=?Ö�B?OyO\ISd\×\LN=?>�O�LN> =Z>21±Ú�B:`?I±d�BH>;�3.�4
0 BHRNR�Ù�d\I~U�LP�SBa×yI5O�=?Ö65lF�ISdyLNI5O�LN> =Z>21±Ú�B:`?I±d�BH>;��O�Ba×�XZ=lO#×".�4�BH>8U
0 BHRNR�Ù�d\I~U�LP�SBa×yI5O�=?Ö3>�I5@CBa×yI5U�5lF�ISdyLWI~O�LW> =Z>21±Ú�B:`?I±d�BH>;��O�O#×yd\LP�¬×yRWA»RWI~O\O�×yÚ�BH>�.8z

*,+H* /87:9 5�143<;>=*?
@ LN`?IS> BT>�=C>�qÌI5XZÙ�×#AËB?>�U¨�(=?F�>C×�BHb�RNIZF�>�LN`?I5dyO\I �ñ=?Ö�BH×\=?XZLP�Y`:B?RWF�I5O[ï-=?d�Ba×y=?XÁO�ð�×\=Hq
@?IS×\Ú�I5d}ØMLW×\Ú LW>l×yISdyÙ�d\IS×yBH×\LN=?>�OA�£B?>�U � Ö�=Cd}Ù�dyI5U�LN�5Ba×\ITO�A�X}b8=CRNO}BH>�U¨Ö�dyISIT`aBHdyLNB?b�RNI5O5GdyI5O\Ù8I~�¬×\LN`?I5RWACG�Ø²IKU�ISÝ�>�I±×yÚ�I�O\BH×\LPO#Ö-BC�¬×yLW=C>»dyISRPBa×yLW=C>�O

ï�� I�� ð M D @BA�C BH>�U ï�� I�� ð M D =?>

Ö�=?d§Ù�dyI(qw�(=C>�U�LW×\LN=?>�O�BH>�Uv�SRNB?F�O\I5O§B?O�LN> ì BHb�RWI»e?z�<�ISdyIcØ�IcØMdyLW×\I3��ï F±ðMÖ�=?d�×\Ú�IZO\I(×�=?Ö
alqÌ×\F�Ù�RWI~O1ï	
 �
I�JKJ�J8I 
WLHðKÖ�d\=CXB� BCO\O\=��(LPBa×yI5U¨ØMLW×\Ú ×yÚ�I alqwBHdyAkÙ�d\I~U�LN�5Ba×yImFYG�Ø�I1ØMdyL¥×yI
� ï G�ð²Ö�=?d²×\Ú�I±Ba×y=?X�=?ÖC� b�=?F�>�U1×\= GEBH>�U[Ý�>�BHRNRNA � Û G����
?Ü$O�×yB?>�U�O²Ö�=?d²×\Ú�I±XÁBHÙ�Ù�LW>�@
×\Ú8Ba×�LPOMB?O � I(î��(I5Ù�×M×\Ú�BH×gG·LNO�XÁB?Ù�Ù8I~U»×\=�
�zsw>E×\Ú�IcO�ID5lF�ISRÌG�Ø�I�`�LWI5Øô×yÚ�IKÖ�dyISI�`aBHdyLPBHb�RNI5O�=��S�SF�dyd\LN>�@ÁLN>vBYÖ�=?dyXcF�RPBÁB?O��S=?>�O�×yB?>l×
O\AlX}b8=CRNO�=?d±Ba×y=?XÁO
Ö�d\=CX�×yÚ�I}Ý�>�LW×\IYF�>�LN`?ISd�O\I��Yz ì Ú�F�OSG�@?LN`?I5>kBH>kLW>l×\I5d\Ù�d\IS×yBa×yLW=C> �*E=HÖ±×yÚ�Ik�(=C>�O�×yBH>l×1O\A�Xcb�=?RPOSG+LN>�×yÚ�Ik�(RPBHF8O�I =Z>¯G²Ø²Iv�5BHRNR�BH>�LN>l×\ISdyÙ�dyI(×�Ba×\LN=?>F� =HÖ±×\Ú�I
Ù�dyI5U�LP�SBH×\IKO\AlX}b8=CRNO:< B»ÞSæ���ë�åÌâ-æaç·×y=Z×\Ú�I��SRNB?F�O\I§Ù�d\=a`�LPU�I5UËï�� I�� E ð M D =Z>¯z

G H "²�$	�"��#�JI �r)1���
� ��
��������
��� �l�! #"!�$	
ì Ú�IMO\F��S�SLW>��(×!O�=CRW`CISd�LNOpLNXZÙ�RNISXZIS>l×\I~UYF�O�LN>�@KQLK%MHD�uví»Ö�I5Ba×yF�dyI5U}ØML¥×yÚ}XZ=�U�F�RPBHd+O�×\dyF��¬q
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Figure 1. Program structures 

 
The function solve first transforms (int, int) Horn clause into the internal representation, 
HornEnvPool clause, for the purpose of the memoisation of the disjunctive preconditions 
and the preconditions with existential quantifiers. The solve then processes the 
HornEnvPool clause and computes the solution by manipulating three main data 
structures, env for the partial environment, result for the solution, and infl for the 
consumer registration.  
 
We will discuss the solve function in more detail in section 3. 

3.2. Data structures 
The data structures env, result, and infl are declared in the solver as data types as follows: 

� env: (int *  (int option) ) li sW

 
� result: int list option stack *  table 

o ’a stack = (int *  ’a array) ref 
o table = {buckets: ( IntPairItem *  int) li st array ref,   

                                      hash : (IntPairItem ∗ int) ref,  
                                      count: int ref} 
 

� infl: consumer list option stack *  table 
o comsumer = int list ∗ unit 
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Output 
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HornEnvPool.addPools 
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(memoisation) 

FrontEnd.parseCluase 
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Horn  clause 

 

all, n  

n 

result infl env 

Solve.solve 

HornInput clause 
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V3LN@�z�e?; ì Ú�IKÙ�d\=C@?d�BHX�O#×yd\F8�¬×\F�d\I

×\Ú�I§O�=CRW`CISd+b�AZO��CI(×y��Ú�LW>�@±×yÚ�I
Ù�d\=C@?d�BHX�O�×\dyF��¬×yF�dyI
BH>�UÁU�Ba×yBcO#×yd\F��(×\F�dyI5O5G?B?>�UZI(î�Ù�RPBHLN>�q
LW>�@Áb�d\LNI���A[Ö�F�>��¬×yLW=C>�BHRNLW×\LNI5OM=?Ö�×\Ú�IKXZB?LW>TÖ�F�>8�¬×\LN=?>8OSz

�T+.- ��������� 5 9 ? 3	��
 =W3	
��<7
ì Ú�I1Ù�dy=?@CdyB?X O�×\dyF��¬×yF�dyI[=HÖ�×\Ú�I»O\=?RN`?ISdcLNOYO��CI(×���Ú�I5U¨LN> V�LW@8z�eCz ì Ú�I1`:B?d\LN=?F8OcO�×yBH@CI5O
ØMLWRNR$b�IKI(î�ISXZÙ�RNL¥Ý8I5UTLW>·O\I5�(×\LN=?>Tö�z

sw>YV�LN@�z�eCG:×\Ú�I�Ö�F�>8�¬×\LN=?>cß�ä i�ÞSà
�8�WäHë�ÞSàpLW>}×\Ú�I�XZ=�U�F�RNIL!8iyæaç�å���ç��+Ù�B?dyO\I5O3×yÚ�IMo
í�Vp�
�(RPBHF�O\I[Ö�dy=?X ×\Ú�I1×\ISîl×YÝ�RNIËï-Ø²ITO�Ú�B?RWR��SB?RWR�L¥×ZB?O��cæ i¬ç��¬çHß�ë�å�á �Näaë�ÞSà�Ú�ISdyI5BaÖÍ×yISd¬ð¬GpBH>�U
×\d�BH>�O�Ö�=?dyXÁOÁL¥×»LW>l×\= BH>�LN>C×yISdy>�BHR
d\I5Ù�d\I~O�I5>l×yBa×yLW=C>$G��cæ
i¬ç�� �¥ë�Þvá �WäHë�Þ(àSz ì Ú�I·Ö�F�>��(×\LN=?>
å i\äHç�Þ �WäHåtà§LN>£×\Ú�I��;i\äaç�Þ
XZ=�U�F�RWIY×ydyB?>�O�RPBa×yI5O�×\Ú�I��cæ i¬ç�� ��ë�ÞÁá �WäHë�ÞSà±LW>l×y=EB?>�=H×yÚ�ISd±LN>�q
×\ISdy>�B?R!dyISÙ�dyI5O\IS>l×yBH×\LN=?>$G��cæ i¬ç�á �Wäaë�ÞSàSz ì Ú�I»XÁBHLN> @?=CB?R+=HÖM×yÚ�LPO�LPO�×y=·×\d�BH>�O�Ö�=?dyX ×yÚ�I
Ba×\=CXÁOcBH>8U Ù�dyI5U�LP�SBH×\I1O\A�Xcb�=?RPO�LN>C×y=vLN>C×yIS@CISd�OSz�o�×}×\Ú�ITO\B?XZIÁ×\LNXZI?GpL¥×YI(î�×\d�B?�(×yO±×yÚ�I
F�O�ISÖ�F�R�O�×yBH×\LP�±LW>�Ö�=Cd\XÁBH×\LN=?>1LN>l×\=Z×yÚ�IKLW>l×yISdy>�BHR�U�BH×yBZO#×yd\F8�¬×\F�d\I~OSG�LÌz ICz$ë�ç�â�laà�i�Þ(àSG�i\à ���8ä��SG
ä�� ��B?>�U¨çÁd\I~O�Ù�I5�(×\LN`?I5RWACz�<�I5d\ICG�ë�ç�â�laà�i�Þ(à
�(=C>C×�BHLN>�O�×\Ú�I�LW>�Ö�=?dyXZBH×\LN=?>·BHb�=?F�×�×\Ú�I�Ý�>�LW×\I
F�>�LN`?ISd�O\I
=HÖ�Ba×\=CXÁOSG�BH>�U i\à ����ä	�²Ú�=?RPU�O²×\Ú�I§LN>�Ö�=?dyXÁBa×\LN=?>»BHb�=?F�×�×\Ú�I§Ù�dyI5U�LP�SBH×\I~OSz�m!BC��Ú
LW>l×\I5@?I5d[LW> ×yÚ�IvLN>C×yIS@CISdÁRNLNO�×£ä�� �rdyISÙ�d\I~O�I5>C×�OÁBH>�Ba×y=?X Ö�d\=CX ×\Ú�IvF�>�LN`?I5dyO\I?GrØMÚ�I5d\I~B?O
LW>l×\I5@?I5d! kdyISÙ�dyI5O\IS>l×yO�×yÚ�IK>�F�Xcb�ISdM=?Ö�×yÚ�IKÙ�dyI5U�LP�SBH×\I5O�LN> i\à ����ä	�(z

ì Ú�I²LN>�Ö�=Cd\XÁBa×yLW=C>�LN>»ë�ç8â�l:à�i�ÞSà(G�i\à ���8ä��SG�ä�� �:BH>�U1ç§B?d\I²F�O�I~U�b�A±×\Ú�I#"�ë�å¥ß�ë�å?XZ=�U�F�RNI
×\=EÙ�dy=�U�F��(I}×\Ú�IYÝ�>8BHRp=?F�×yÙ�F�×~z ì Ú�IZLW>�Ö�=Cd\XÁBH×\LN=?>kLN>�ä�� ��BH>�U ç1×y=?@CI(×\Ú�ISd±ØML¥×yÚ$�}æ i¬ç
á �WäHë�ÞSà3B?d\IrF8O�I~UKb�A�×yÚ�I�ÞSæ��El:à�Ö�F�>8�¬×\LN=?>cLW>K×yÚ�I&%�æ��Elaà3XZ=�U�F�RWI!×\=
�S=?XZÙ�F�×yI+×yÚ�I²O\=?RNF�×\LN=?>
×\=Z×\Ú�I��(RPBHF�O\I?z

ì Ú�I�Ö�F�>8�¬×\LN=?>kÞSæ��Elaà!Ý�dyO�×!×ydyB?>�O�Ö�=?dyXZO'�cæ
i¬çká �WäHë�ÞSà+LN>l×\=�×yÚ�I§LW>l×\I5d\>8BHR�d\I5Ù�d\I~O�I5>l×yBaq
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�SB?O\IM×yÚ�Ba×�U�LNO*)#F�>��(×\LN=?>�O!=?d²I(î�LNO�×\I5>l×\LPBHR�5lF�B?>l×\LWÝ8�SBH×\LN=?>�O+B?d\I
F�O�I~UZLW>1Ù�d\I~�(=C>�U�LW×\LN=?>�O5zHst×
×\Ú�I5>·Ù�d\=��SI5OyO�I~O�×\Ú�I#�}æ i¬ç���ç l(�Mæ~æ��rá �WäHë�ÞSà�BH>8UT�S=?XZÙ�F�×yI5O�×\Ú�IcO\=?RNF�×yLW=C>Tb�A»XZB?>�LNÙ�F�q
RNBH×\LN>�@K×\Ú�d\I5I
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 � I�lnlml I 
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w kyxzkH[ {c43_:|�}0~)�E����� ^ 2 ^ 9S257:0��H2~0�7a_�k
ì Ú�I i\à(Þ¬ë%��å�U�Ba×�B±O#×yd\F��(×\F�dyI�LWXZÙ�RNISXZIS>l×�O+B±O�IS×p=?Ö8Ù�dyI(Ý�î�×\dyISI~OrB?O�LWRNRNF�O#×ydyBH×\I~UcLN>ÁV3LN@�z�õ�z

sw>[V�LW@8zlõ�Ga×\Ú�I�O�×yB?���YB?OyO�=��SLNBH×\I5O+ØML¥×yÚ[BH>[Ba×\×\dyLWb�F�×\Ih�ËGCØMÚ�LN��Ú[U�IS>�=?×\I5O+×\Ú�I§O�LNèSIM=?Ö
×\Ú�IZO�×yBC����z ì Ú�I}×�BHb�RNIÁB?OyO�=��SLNBH×\I5O�ØMLW×\Ú£×#Ø²=EBa×\×\dyLWb�F�×\I~On��ä:Þ?�EB?>�U á�æaë�ç8å¯G�ØMÚ�LN��Ú£BHdyI
dyI5O\Ù8I~�¬×\LN`?I5RWAY×yÚ�I
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×yB?b�RNI?z

o�O\RN=H×�LN>v×yÚ�I}O�×yBC���·�(=?dydyI5O\Ù8=C>�U�O�×y=»B[>�=�U�IcLN>ËB[Ù�d\ISÝ�î»×yd\I5I?z ì Ú�I}Ý�dyO�×  �O\RN=H×yO
LN> ×yÚ�IvO�×yB?��� �(=?dydyI5O\Ù8=C>�U�Oc×\=¨×\Ú�I·d\=�=H×Á>�=�U�I~OZ=HÖ  ôÙ�dyI(Ý�î�×\dyISI~OSz ì Ú�Iv�S=?>l×\I5>l×Z=?Ö
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ï�Z dôe:ð²��Ú�LWRPU1>�=�U�I5O�b�Aic � GNzNzWzNG B?>�U`c q d\I~O�Ù�I5�(×\LN`?ISRNA?z�sw>»×\Ú�I
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[B?>�U c�dyI5O\Ù8I~�¬×yLW`CISRNA?z

o�>TISRNISXZIS>l×�ï�ï^W � G*
�ð¬GCW R ð²LW>»×\Ú�IKb�F����?IS×yO��(=Cd\dyI5O\Ù�=?>�U�O!×\=ÁB?>1I5U�@?I±b8IS×#Ø²I5IS>1×#Ø²=>�=�U�I5O W � B?>�U�W R O�F���Ú ×\Ú8Ba× W � Ù�dyI(Ý�î�I5OpW R b�A 
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ì Ú�IMb�F����CI(×yOr�S=?>�O�×\LW×\F�×\I�B§Ú�B?O\Ú}×yBHb�RWICz ì Ú�IMÚ�BCO�Ú}Ö�F�>��(×\LN=?>Y×yB6�?I5O�×yÚ�IMÙ�B?LWd�ï^W � G�
�ðB?Op×yÚ�IMLW>�Ù�F�×²B?>�UYÙ�d\=�U�F8�(I5O�×yÚ�I�Ú�BCO�ÚZ`aBHRNF�I�BCO�×\Ú�I�LN>�U�ISî}=?Ö8×yÚ�IMb�F����CI(×yO5z ì Ú�I5d\ISÖ�=?dyI?G
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Where, in env, the first int corresponds to a variable, and int in int option corresponds to 
an atomic value of the universe. The data structures result and infl are discussed in more 
detail i n the following subsections. 

3.2.1. result: a set of prefix trees 
Definition (prefix tree):  (give a definition here) 
 
The result implements a set of prefix trees, each represents a relation defined by a 
predicate (or a predicate with associated tuples), as ill ustrated in Figure 2.  
 
In Figure 2, the stack associates with an attribute n, which is the size of the stack. The 
table associates with two attributes hash and count, which are respectively the hash 
function and the number of the elements in the buckets of the table.  
 
Each node in the stack corresponds to a node in a prefix tree. The first k nodes are the root 
nodes … (more descriptions) 
SOME[a, b] 

Figure 2. The result data structure 

 
Example 1. Three prefix trees representing three predicates R, P, and Q and the associated 
tuples are shown in Figure 3. 
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V3LN@�z�õ�; ì Ú�I&i\à(Þ¬ë%��å$U�BH×yBÁO�×\dyF��¬×yF�d\I

� #�äaê
ßC�Wà��!t ì Ú�dyISI�Ù�dyI(Ý�îc×\dyISI~O+dyISÙ�dyI5O\IS>l×yLW>�@±×yÚ�dyISI�dyISRPBa×yLW=C>�OSG?L¯z I?z�e(q 
!X�uYdyISRPBa×\LN=?>]FYG
f:q 
0X�uZdyISRPBa×\LN=?>��ZG�BH>�UZF�>�U�I(Ý8>�I5UÁdyISRPBa×yLW=C>��ZGCB?d\I
LWXZÙ�RNISXZIS>l×yI5UÁb�A i\à(Þ�ë%�¥å�B?O²O�Ú�=aØM>
LW>·V�LW@8zCö8z
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Figure 3. Three prefix trees in result 

3.2.2. infl: a set of prefix trees with consumers 
Figure 3 illustrates the data structure infl, which again implements a set prefix trees as that 
in result. But it differs from result in that the contents in each slot in the stack are the 
consumers. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

0 [((0, a), 3)] 
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w kyxzkyx {c43_������%� ^ 2 ^ 952S7a03�?25037a_�k
V�LW@8zYx±LNRNRWF�O�×\d�Ba×yI5O+×\Ú�I§U�Ba×�B�O#×yd\F8�¬×\F�d\IKâÍç��²GlØMÚ�LP��Ú[BH@lBHLN>YLNXZÙ�RNISXZIS>l×yO�B�O\I(×!=?Ö$Ù�dyI(Ý�î
×\dyISI~OpB?O3×\Ú�BH×rLW> i\à(Þ�ë%�¥å¯zHò�F�×rLW×rU�L$��ISd�O3Ö�d\=CX i\à(Þ�ë%�¥ålLN>}×\Ú�BH×pI~B?��ÚYO�RN=H×p=HÖ8×\Ú�IMO�×yB?�����S=?>�q
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m�LN>vB[O\RW=?×
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� � ���p�8�
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LN>vÙ�BHd\×\LP�(F�RNB?d
LN>vXÁBH>�LNÙ�F�RPBa×yLW>�@TU�Ba×�B[O�×\dyF��¬×yF�d\I~OSG�×\=TU�ISdyLW`CIK×\Ú�I�Ý�>�B?R�O\=?RNF�×yLW=C>$z ì Ú�I
I(î�B?XYÙ�RWI�Ø�I
B?d\IMF�O\LN>�@�LPO!BKdyI5BC��Ú�LW>�@�U�I(Ý�>�L¥×yLW=C>�O�ï¯J�óôÖ�=?d²O\Ú�=Cd�×¬ðpBH>�B?RWA�O\LNOr=?Ö�B�O\XZB?RWR
Ù�dy=?@CdyB?X ×yB
�CIS>»Ö�d\=CX�×\Ú�IKb8=�=6�ËÛ �HÜ�B?O5;
Û u[;ED G�ÜH��4�Û �Z;ED&eSÜ R 4�ØMÚ�LWRNI[Û u��ôeSÜ��KU�=Eï\Û �[;�D�� � ulÜ��<4�Û u»;�D9u�� e(Ü��Sð 4�Û u»;�DôgaÜ��
ì Ú�LPO§Ù�d\=C@?d�BHXÉLNO§ØMdyL¥×\×\I5>ËLN>v×yÚ�I]� �������·RPBH>�@CF�BH@CI?z�st×±�5BHRP�(F�RPBa×yI5O�×\Ú�I}Ö-BC�¬×y=?dyLNB?R
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b�d�B?���CI(×yO±Û Ü�LPO�×\Ú�IKRPBHb�ISR$=?Ö�×yÚ�IKISRNISXZIS>l×�BHdyA[b�RN=����1ISXcb�dyBC�(I5U1LW>T×yÚ�IKb�d�B?���?IS×yO5z
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dyI5B?��Ú§ØMÚ�LP��ÚKÙ�dy=?@?d�BHX�Ù�=?LN>l×²ï�>8BHXZISRNAZàSç�å iP��Ù8=CLW>l×3B?>�UÁà�#CâÍåHÙ�=?LN>l×�=HÖ�I5BC��Ú�I5RWI5XZIS>l×yB?d\A
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Û �aÜtz
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Figure 4. The infl data structure 

4. Reaching definitions analysis using the solver 
In this section we use an example to explain and illustrate how the solver works, in 
particular in manipulating data structures, to derive the final solution. The example we are 
using is a reaching definitions analysis of a small program taken from the book [2] as:  
 

[ ] [ ] [ ] [ ] [ ] [ ]654321 0:y );1y:y  ;yz:z( do1y  while;1:z ;x:y =−=∗=>==  

 
This program is written in the WHILE language. It calculates the factorial of the number 
stored in x and stores the result in z. The number outside the brackets [] is the label of the 
basic block embraced in the brackets.  
 
In reaching definitions analysis, we are interested in which assignment reaches which 
program point (namely entry point and exit point of each basic block). The analysis for the 
WHILE language is given in Table 2.2 in the book [2]. What we do here is to transform the 
analysis in terms of ALFP clausal form as in Figure 5. 
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 NONE 

V�LN@�z²x�; ì Ú�IÁâÍç�� U�Ba×�BYO�×\dyF��(×\F�dyI

 

INIT(L1) &  
 
FVAR(x1) & FVAR(z1) & FVAR(y1) &  
 
FLOW(L4,L5) & FLOW(L3,L4) & FLOW(L5,L3) & FLOW(L3,L6) & FLOW(L2,L3) & 
FLOW(L1,L2) &  
 
RDKILL(L1,y1,labQ) & RDKILL(L1,y1,L1) & RDKILL(L1,y1,L5) & RDKILL(L1,y1,L6) &  
RDKILL(L2,z1,labQ) & RDKILL(L2,z1,L2) & RDKILL(L2,z1,L4) & RDKILL(L4,z1,labQ) & 
RDKILL(L4,z1,L2) & RDKILL(L4,z1,L4) & RDKILL(L5,y1,labQ) & RDKILL(L5,y1,L1) & 
RDKILL(L5,y1,L5) & RDKILL(L5,y1,L6) & RDKILL(L6,y1,labQ) & RDKILL(L6,y1,L1) & 
RDKILL(L6,y1,L5) & RDKILL(L6,y1,L6) &  
 
RDGEN(L1,y1,L1) & RDGEN(L2,z1,L2) & RDGEN(L4,z1,L4) & RDGEN(L5,y1,L5) & 
RDGEN(L6,y1,L6) & 
 
(A l. INIT(l) => (A x. FVAR(x) => RDIN(l, x, labQ))) &  
 
(A l. A x. A l1. A l2. (! INIT(l) =>  (RDOUT(l1, x, l2) & FLOW(l1, l) => RDIN(l, x, l2)))) &  
 
(A l. A x. A l1. (RDIN(l, x, l1) & (! RDKILL(l, x, l1)) | RDGEN (l, x, l1 )) => RDOUT(l, x, l1)) 
 
 V�LN@�z!ù�;�J�ó B?>�BHRNA�O�LPO²Ö�=?d�×\Ú�I±Ö-B?�¬×y=?dyLNB?R�Ù�d\=C@?d�BHX�LN> �cæ i¬ç��¬çHß�ë�å�á �WäHë�Þ(à

	�Ú�ISdyI?G�×\Ú�IËÙ�dyI5U�LN�5Ba×\I£s#Q�s ì U�I(Ý�>�I5O»×\Ú�I¨LN>�LW×\LPBHR±b�RN=�����GMV���o�J @CLW`CI5O»BHRNR�×yÚ�I
`:B?d\LPBHb�RWI~O�F8O�I~UkLN>£×\Ú�IZÙ�dy=?@CdyB?XTG�BH>8UËVpí�÷g	 U�I(Ý�>�I~OKBHRNRp×\Ú�IÁÙ8BHLNdyO§=HÖ�b�RN=�����O�×\Ú8Ba×
Ú�B:`?I+B?>§I~U�@?I+�S=?>�>�I5�¬×yI5U§LN>�×yÚ�IT��=aØ£@?d�BHÙ�ÚYÛ �aÜtzSJ�ó��±s#í�í[U�I(Ý�>�I~O$BHRNRa×yÚ�I!B?OyO\LW@C>�XZIS>l×yO
×\Ú�BH×EB?d\I ��LNRWRNI5Uôb�A�B b�RN=�����G�I?z @�z�B ×yF�Ù�RNI ïv\ � I G I \ R ð�^�J�ó��±s#í�í�XZI5BH>8O[×yÚ�Ba×·Ba×
b�RW=���� \ � G�BH> BCO\O\LW@C>�XZIS>l×§×\=bG�Ba×Kb�RN=���� \ R LPO�U�I5O�×\dy=aA?I~U�z�J�ó��±s#í�í�U�I(Ý8>�I5O�B?RWRp×yÚ�I
B?OyO�LN@?>�XZI5>C×�O}×\Ú�BH×1BHdyI»@CIS>�I5dyBH×\I5U b�A B£b�RW=�����GrI?z @�z+BË×yF�Ù�RNI¨ïv\ � I G I \ R ð ^ J�ó @ m!Q
XYI~BH>�O�×yÚ�Ba×
BH×�b�RN=����i\ � G�B?>TBCO\O\LW@C>�XZIS>l×�×\=&GvBa×�b�RW=���� \ R LPOM@?I5>�ISd�Ba×yI5U�z
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ì Ú�I
O\A�>l×yB?�(×\LP�SB?R��(=C>�O#×yd\F8�¬×yOrÖ�=?d'�}æ i¬ç��¬çaß�ë�åpá �WäHë�Þ(à!ØMLW×\Ú[�(=CXZÙ�BHdyLNO\=?>Y×y=K×\Ú�BH×+Ö�=?d
�cæ
i¬ç�� �¥ë�Þ�á �WäHë�Þ(àMØMLWRNR$b�IK@?LN`?IS>»LW> ì BHb�RNIcf�z

sw> ×yÚ�I[Ö�=CRWRN=aØMLW>�@kO�F�b�O�I~�¬×yLW=C>�OSG3Ø²I»ØMLWRNR�I(î�Ù�RPBHLN>�BH>�U LNRNRWF�O�×\d�Ba×yI[Ú�=aØ ×yÚ�I»O\=?RN`?I5d
Ù�dy=��(I5OyO\I5O�×\Ú�LPOc�SRNB?F�O\IYLN> U�L���I5d\I5>C×cO�×yB?@?I~OKB?OKO?�?I(×���Ú�I5UËLN>�V3LN@�z8e[BH>�U£XÁBH>�LWÙ�F�RNBH×\I5O
i\à(Þ¬ë%��å$BH>�UËâÍç���×\=Á�(=CXZÙ�F�×\I±×yÚ�I±Ý�>�B?R�O\=?RNF�×\LN=?>$z

�r+.- ������143��]1�� +��:5 �<? 7	��
 5�
 ?�7
ì Ú�I�Ö�F�>��(×\LN=?> !8i\æHç�å���ç �0t ß�ä
i�ÞSà
�8�WäHë�Þ(àMÙ�BHd�O�I~Or×yÚ�IK�(RPBHF�O\I
@CLW`CIS>1LN>»V�LN@�z�ùcB?>�UÁ×ydyB?>�O#q
Ö�=?dyXÁO�×\Ú�I��SRNB?F�O\I§LN>l×\=Y×\Ú�IKLW>l×\I5d\>8BHR�dyISÙ�dyI5O\IS>l×yBH×\LN=?>$G �}æ i¬ç�� ��ë�ÞKá �WäHë�Þ(àSG�BCOMO�Ú�=aØM>TLN>
V�LW@8zW
�z

 

Both (R(INIT,[Const L1]), 
 
Both (R(FVAR,[Const x1]),Both (R(FVAR,[Const z1]), Both (R(FVAR,[Const y1]), 
 
Both (R(FLOW,[Const L4,Const L5]),Both (R(FLOW,[Const L3,Const L4]),  
Both (R(FLOW,[Const L5,Const L3]),Both (R(FLOW,[Const L3,Const L6]),  
Both (R(FLOW,[Const L2,Const L3]),Both (R(FLOW,[Const L1,Const L2]),  
 
Both (R(RDKILL,[Const L1,Const y1,Const labQ]),Both (R(RDKILL,[Const L1,Const y1,Const L1]),  
Both (R(RDKILL,[Const L1,Const y1,Const L5]),Both (R(RDKILL,[Const L1,Const y1,Const L6]),  
Both (R(RDKILL,[Const L2,Const z1,Const labQ]),Both (R(RDKILL,[Const L2,Const z1,Const L2]),  
Both (R(RDKILL,[Const L2,Const z1,Const L4]),Both (R(RDKILL,[Const L4,Const z1,Const labQ]),  
Both (R(RDKILL,[Const L4,Const z1,Const L2]),Both (R(RDKILL,[Const L4,Const z1,Const L4]), 
Both (R(RDKILL,[Const L5,Const y1,Const labQ]),Both (R(RDKILL,[Const L5,Const y1,Const L1]),  
Both (R(RDKILL,[Const L5,Const y1,Const L5]),Both (R(RDKILL,[Const L5,Const y1,Const L6]), 
Both (R(RDKILL,[Const L6,Const y1,Const labQ]),Both (R(RDKILL,[Const L6,Const y1,Const L1]),  
Both (R(RDKILL,[Const L6,Const y1,Const L5]),Both (R(RDKILL,[Const L6,Const y1,Const L6]),  
 
Both (R(RDGEN,[Const L1,Const y1,Const L1]),Both (R(RDGEN,[Const L2,Const z1,Const L2]),  
Both (R(RDGEN,[Const L4,Const z1,Const L4]),Both (R(RDGEN,[Const L5,Const y1,Const L5]),  
Both (R(RDGEN,[Const L6,Const y1,Const L6]), 
 
Both (Forall (0,Implies (U (INIT,[Var 0]),Forall (1,Implies (U (FVAR,[Var 1]),R(RDIN,[Var 0,Var 1,Const labQ]))))), 
  
Both (Forall (2,Forall (3,Forall (4,Forall (5,Implies (N (INIT,[Var 2]), Implies (And (U (RDOUT,[Var 4,Var 3,Var 5]), 
U (FLOW,[Var 4,Var 2])),R(RDIN,[Var 2,Var 3,Var 5]))))))), 
 
Forall (6,Forall (7,Forall (8,Implies (Or (And (U (RDIN,[Var 6,Var 7,Var 8]),N (RDKILL,[Var 6,Var 7,Var 8])),  
U (RDGEN,[Var 6,Var 7,Var 8])),R(RDOUT,[Var 6,Var 7,Var 8])))))))))))))))))))))))))))))))))))))))) 

V�LN@�z 
�;�J�ó B?>�BHRNA�O�LPO²Ö�=?d�×\Ú�I±Ö-B?�¬×y=?dyLNB?R�Ù�dy=?@?d�BHX LN> �cæ i¬ç�� ��ë�Þcá �Wäaë�ÞSà

ì Ú�I�O\A�>C×�B?�(×\LP�SBHR8�(=?XZÙ�B?d\LPO\=?>Yb8IS×#Ø²I5IS>��cæ
i¬ç�� �¥ë�Þ�á �WäHë�Þ(à�ï�LÌz I?zCV�LN@�z;
HðpB?>�U��cæ
i¬ç��
�¬çHß�ë�å�á �WäHë�ÞSàKï�LÌz ICz�V�LW@8zlùlð²LNO�O?�?IS×y��Ú�I~U1LN> ì B?b�RNIKf�z

sw> ì B?b�RNI!f�G
��X�a§U�I5>�=H×yI5O$B�Ù�dyI5U�LN�5Ba×\I+O\A�Xcb�=?R>4 
!X��Cg!U�IS>�=?×\I~O$B�×\F�Ù�RWI+=?Ö�BHdy@?F�XZIS>l×�O
B?OyO\=��SLNBH×\I~UkØMLW×\Ú BEÙ�d\I~U�LN�5Ba×yI 4 _@\ � GE_@\ R =?dj_@\MU�IS>�=?×\I5OcB·�(RPBHF�O\I 4��>X)e � G���X)e R G�=Cd��>X)eU�I5>�=H×yI5OMBYÙ�dyI5�(=C>�U�LW×\LN=?>�4�B?>�U GvU�IS>�=H×\I~OMBYb8=CF�>�U�I~U»`aB?d\LPBHb�RNI?z

�r+H* � ��5 1 ?W+ 3���5 1"?�
 5�3 7
ì Ú�IÁÖ�F�>��¬×yLW=C> �Wiyäaç�Þ<tNå i\äaç�Þ �Wäaåwà±×ydyB?>�O�RPBa×yI5O±×yÚ�I»�SRNB?F�O\I[@?LN`?I5>£LN>�V�LW@8zW
ELW>l×\=v×\Ú�I[LN>�q
×\I5d\>8BHR�d\I5Ù�d\I~O�I5>l×yBa×yLW=C>$G	�}æ i¬çvá �Näaë�ÞSà(G�ØMÚ�I5d\I§BHRNR�×yÚ�I
`aB?d\LPBHb�RNI5O²BH>�U1Ba×\=CXÁO²B?d\I�dyISÙ�d\ISq
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ì B?b�RWI f�;~D�Al>l×�B?�¬×yLN�5BHR?�S=?XZÙ�B?d\LPO�=C>�b�I(×#Ø�ISI5> �cæ
i¬ç��¬çHß�ë�å$á �Wäaë�ÞSà3BH>�U �cæ
i¬ç�� �¥ë�Þ�á �Näaë�ÞSà

O�I5>C×yI5UTb�A[LN>C×yIS@CISd�O�BCOMO�Ú�=aØM>»LN>·V3LN@�z�� R z

 

Both (Both (R(0,[Const 0]),  
 
Both (R(1,[Const 1]), Both (R(1,[Const 2]),Both (R(1,[Const 3]),  
 
Both (R(2,[Const 4,Const 5]),Both (R(2,[Const 6,Const 4]),Both (R(2,[Const 5,Const 6]), 
Both (R(2,[Const 6,Const 7]),Both (R(2,[Const 8,Const 6]), Both (R(2,[Const 0,Const 8]), 
 
Both (R(3,[Const 0,Const 3,Const 9]), Both (R(3,[Const 0,Const 3,Const 0]), 
Both (R(3,[Const 0,Const 3,Const 5]), Both (R(3,[Const 0,Const 3,Const 7]), 
Both (R(3,[Const 8,Const 2,Const 9]), Both (R(3,[Const 8,Const 2,Const 8]), 
Both (R(3,[Const 8,Const 2,Const 4]), Both (R(3,[Const 4,Const 2,Const 9]), 
Both (R(3,[Const 4,Const 2,Const 8]), Both (R(3,[Const 4,Const 2,Const 4]), 
Both (R(3,[Const 5,Const 3,Const 9]), Both (R(3,[Const 5,Const 3,Const 0]), 
Both (R(3,[Const 5,Const 3,Const 5]), Both (R(3,[Const 5,Const 3,Const 7]), 
Both (R(3,[Const 7,Const 3,Const 9]), Both (R(3,[Const 7,Const 3,Const 0]), 
Both (R(3,[Const 7,Const 3,Const 5]), Both (R(3,[Const 7,Const 3,Const 7]), 
 
Both (R(4,[Const 0,Const 3,Const 0]), Both (R(4,[Const 8,Const 2,Const 8]), 
Both (R(4,[Const 4,Const 2,Const 4]), Both (R(4,[Const 5,Const 3,Const 5]), 
Both (R(4,[Const 7,Const 3,Const 7]),  
 
Both (Forall (0,Implies (U(0,[Var 0]),Forall (1,Implies (U(1,[Var 1]),R(5,[Var 0,Var 1,Const 9]))))), 
 
Both (Forall (2,Forall (3,Forall (4,Forall (5,Implies (N(0,[Var 2]), 
Implies (And (U(6,[Var 4,Var 3,Var 5]),U(2,[Var 4,Var 2])),R(5,[Var 2,Var 3,Var 5]))))))), 
 
Forall (6,Forall (7,Forall (8,Implies (Or (And (U(5,[Var 6,Var 7,Var 8]),N(3,[Var 6,Var 7,Var 8])), 
U(4,[Var 6,Var 7,Var 8])),R(6,[Var 6,Var 7,Var 8])))))))))))))))))))))))))))))))))))))))),  
 
One)

V�LN@�z:��;�J�ó B?>�BHRNA�O�LPO�Ö�=?d�×yÚ�I±Ö-B?�(×\=Cd\LPBHR�Ù�dy=?@CdyB?X�LW> �cæ
i¬ç£á �Wäaë�ÞSà

o�×+×\Ú�I�O\B?XYI�×yLWXZICG?LW×!I(î�×\d�B?�(×yOp×yÚ�I
O�×yBH×\LP��LW>�Ö�=Cd\XÁBH×\LN=?>ÁB?Or@CLW`CIS>ZLN>ZV�LN@�z ��zHsw>Z×yÚ�I
Ý�@?F�dyI?GC×\Ú�IhX)e�\KJL
Cc²@?LN`?I~Or×yÚ�I�LN>�Ö�=Cd\XÁBa×yLW=C>1BHb�=?F�×²Ù�dyI5U�LP�SBH×\I~O+b�AZXYI~BH>�O²=HÖ�×\Ú�I�Ù�d\I~U�q
LN�5Ba×\IZO\AlX}b8=CR�B?>�UE×yÚ�IYBCO\O\=��(LPBa×yI5U·BHdyLW×#A?G�I?z @�z�s#Q�s ì M�eYU�IS>�=H×\I~O�×yÚ�ITe(qwBHdyA1Ù�dyI5U�LP�SBH×\I
s#Q�s ì z

( �p�l���w�#�C���y©W¢S�l�w� I G 8 ����¢~�C�C�¬�Á�� [�#�l�
©W¢S�t��©��¥ C���#�c�¬¢5�w���#�l�
���~ C�t�w�#�l�y�#���~ »�5®3��©¥¢5�C�w����� Y�#�C�����K�l©����K�� a��¢(�#�¥�5 8«?¾¯�+���r�#���K�(ª:�¬��©¥¢S�#�y�²�~ Z¢5�+�w�l�¬¦+ Z�� Z¹���°?«7L�L~«
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Figure 8. Extracted static information 

4.3. Solve.solve 
The function Solve.solve does mainly three things. It first initialises the two data structures 
result and infl. It secondly calls the function HornEnvPool.addPools to add pools for the 
memoisation of the disjunctive preconditions and the preconditions with existential 
quantifiers. It then processes all the sub-clause and preconditions of the input clause to 
compute the solution.  

4.3.1. Initialising result and infl 
Figure 9 illustrates the initial state of result and infl. In both cases, the length of stack and 
buckets is 7, because there are 7 predicates (as indicated in n in Figure 8) in the clause. 
Each slot in stack is initialised as NONE, while each slot in buckets (i.e. the table) is 
initialised as empty list []. The number of elements indicates the number of branches in 
the set of prefix trees implemented by result and infl respectively. 
 
 
 
 
 
 
 

universe: 
0:   L1 
1:   x1 
2:   z1 
3:   y1 
4:   L4 
5:   L5 
6:   L3 
7:   L6 
8:   L2 
9:   labQ 
 
relTab: 
0:   INIT/1 
1:   FVAR/1 
2:   FLOW/2 
3:   RDKILL/3 
4:   RDGEN/3 
5:   RDIN/3 
6:   RDOUT/3 
 
all:   [0, 1, 2, 3, 4, 5, 6, 7, 8, 9] 
n:     7 
 

V3LN@�z ��;�m+îl×ydyBC�¬×yI5U1O�×yBH×\LP�±LW>�Ö�=?dyXZBH×\LN=?>

�r+�� / � 
��67 + ?
� 
�� 7
ì Ú�I�Ö�F�>��(×\LN=?>���])\�W
e l g�])\^W!e�U�=�I5O�XÁBHLN>�RNA±×\Ú�dyISI²×yBCO���O5z:st×�Ý8dyO�×�LN>�LW×\LPBHRNLWè5I5O3×\Ú�I²×#Ø�=±U�Ba×�BO�×\dyF��¬×yF�d\I~O2iyà¬Þ¬ë%��å�BH>�U1âÍç���z:st×+O�I~�(=?>8U�RWAK�5BHRNRNO�×\Ú�I²Ö�F�>��(×\LN=?>��*]�X  ��  NW � ])])\ l 
!a!a � ])])\vg×\=ÁBCU�U[Ù�=�=?RPO�Ö�=?d�×\Ú�I±XZISXZ=CLNOyBa×yLW=C>1=HÖ3×\Ú�IKU�LPO*)#F�>��¬×yLW=C>�OMBH>8U[I(î�LPO#×yIS>l×\LPBHRJ5lF�B?>C×yL¥Ý��SBaq
×\LN=?>8O+LN>ÁÙ�d\I~�(=C>�U�LW×\LN=?>�O5zHst×!×yÚ�IS>ÁÙ�d\=��(I~O\O\I5O!BHRNR�×\Ú�I§O�F�b�qt�SRNB?F�O\I5OrBH>8UZÙ�d\I~�(=C>�U�LW×\LN=?>�Or=?Ö
×\Ú�IKLW>�Ù�F�×
�(RPBHF�O\I§×\=[�S=?XZÙ�F�×yI�×yÚ�I�O\=?RNF�×\LN=?>$z

	 k w kH[ 
S�3�-25� ^ |-���C�-�
�'|�}0~)�E��� ^ �E� ��� �jk
V�LW@8z8e~gÁLNRWRNF�O�×\d�Ba×\I~OM×yÚ�I}LN>�LW×\LPBHRpO#×�Ba×yI5O�=HÖgi\à(Þ¬ë%��å3B?>�U âÍç���z�sw>vb�=H×\Ú£�SBCO�I~OSG�×\Ú�I}RWI5>�@H×yÚ
=HÖ3ISLW×\Ú�I5d�×\Ú�IKO�×yB?���Z=Cd²×yÚ�I±b�F����CI(×yO�LPOg
�G�B?O²×\Ú�ISdyI§B?d\I 
KÙ�d\I~U�LN�5Ba×yI5O§ï-B?O�LN>�U�LP�SBH×\I5U»LN>
 LN>ËV�LW@8z �lðMLN>v×yÚ�IY�SRNB?F�O\I?z�m!B?��ÚvO\RN=H×±LW>·×yÚ�IZO#×�B?���ELNO�LN>�L¥×yLNB?RWLNèSI~UkBCO�Q±÷§Q
m�G�ØMÚ�LNRWI
I5BC��ÚkO\RW=?×§LN>v×yÚ�I}b�F����?IS×yO�LNO§LN>�L¥×yLNB?RWLNèSI~UkBCO
I5XYÙ�×#A·RWLPO#×ÁÛ ÜÌz ì Ú�IY>�F�Xcb�ISd±=HÖ+I5RWI5XZIS>l×yO
LN>�U�LP�SBa×yI5O�×\Ú�I}>�F�X}b8I5d§=?Ö!I5U�@?I5O§LN>v×yÚ�IÁO�IS×§=?Ö!Ù�dyI(Ý�îE×\dyISI~O§LWXZÙ�RNISXZIS>l×yI5UËblAEI5L¥×yÚ�ISd
i\à(Þ¬ë%��å�=?dKâÍç��²z

	 k w kyx { ^ |¯|-�¯�����·6�7a�
��������6$6�| k ^ �E�
�
6$6�|-90k
ì =§BC��Ú�LWI5`?I�I��[�(LNIS>8�(A?G~×yÚ�IMO�=CRW`CISd�F�O�I~O3×\Ú�I�XZISXZ=?LPOyBa×\LN=?>c×\I~��Ú�>�L 5CF�I²×y=§U�I5BHR�ØMLW×\ÚZU�LPO#q
)#F�>��(×\LN=?>�O²=?d�I(î�LPO#×yIS>l×\LPBHRC5lF�BH>l×\LWÝ8�5Ba×\LN=?>8O+LN>[Ù�dyI5�(=C>�U�LW×\LN=?>�O5z ì Ú�I�Ö�F�>8�¬×\LN=?> 
!a!a � ])])\vg
×\d�BH>8O#Ö�=Cd\XÁO�×yÚ�I'�}æ i¬ç[á �Wäaë�ÞSà3LW>l×y=�BH>KLN>l×\I5d\>�B?RCdyISÙ�d\I~O�I5>C×�Ba×yLW=C>$G �cæ
i¬ç���ç�l ��æ5æ���á �WäHë�ÞSà(G
B?O�LWRNRNF�O#×ydyBH×\I~U±LW>cV�LN@�z�e?e+ØMÚ�ISdyIr×\Ú�I#" i�Ù�d\I~�(=C>�U�LW×\LN=?>KÚ�BCO$=?>�I+XZ=?dyI!BHdy@?F�XZI5>C×$Ù�=?LN>l×�q
LN>�@�×y=}RN=��SBa×yLW=C> 
±LN>[×yÚ�I±O#×�B?����z ì Ú�I§O\RW=?×²LN>1RN=��SBa×yLW=C> 
�LNO��(dyI5BH×\I5U[blA[BcÙ�F�O\Ú1=CÙ8I5dyBHq
×\LN=?>�G�BH>�U»LNO�F8O�I~U[×y=ZOyB:`?I
×\Ú�I±Ù�B?d�×yLNB?R�IS>�`�LWdy=?>�XYI5>l×±ï-L¯z I?z�àSç l¬ð!Ö�=?d�×\Ú�I§XZI5XY=CLNOyBa×yLW=C>
Ù�F�dyÙ�=CO\I?z�V�LW@8z8e:fYO�Ú�=aØ�O²×yÚ�IKXZ=�U�L¥Ý�I~U i\à¬Þ¬ë%��åÌz
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Figure 9. Initial state of result and infl 

4.3.2. Calling HornEnvPool.addPools 
To achieve efficiency, the solver uses the memoisation technique to deal with the 
conjunctive preconditions and the preconditions with existential quantifiers (c.f. [1]). The 
function addPools transforms the (int, int) Horn clause into an internal representation, 
HornEnvPool clause, as illustrated in Figure 10, where the Or precondition has one more 
argument pointing to location 7 in the stack. The slot in location 7 is created by a push 
operation, and is used to save the partial environment (i.e. env) for the memoisation 
purpose. Figure 11 shows the modified result. 
 

 

Figure 10.  RD analysis of the factorial program in HornEnvPool clause 

result:  
Stack length: 7  
 
Stack: 
NONE NONE NONE NONE NONE NONE NONE  
 
Buckets length: 7  
 
Buckets: [] [] [] [] [] [] []   
 
Number of elements: 0 
 

infl:  
Stack length: 7  
 
Stack:  
NONE NONE NONE NONE NONE NONE NONE  
 
Buckets length: 7  
 
Buckets: [] [] [] [] [] [] []   
 
Number of elements: 0 
 
 

Both (R(0,[Const 0]), Both (R(1,[Const 1]), Both (R(1,[Const 2]), Both (R(1,[Const 3]),  
Both (R(2,[Const 4,Const 5]), Both (R(2,[Const 6,Const 4]), Both (R(2,[Const 5,Const 6]),  
Both (R(2,[Const 6,Const 7]), Both (R(2,[Const 8,Const 6]), Both (R(2,[Const 0,Const 8]), 
Both (R(3,[Const 0,Const 3,Const 9]), Both (R(3,[Const 0,Const 3,Const 0]), 
Both (R(3,[Const 0,Const 3,Const 5]), Both (R(3,[Const 0,Const 3,Const 7]), 
Both (R(3,[Const 8,Const 2,Const 9]), Both (R(3,[Const 8,Const 2,Const 8]), 
Both (R(3,[Const 8,Const 2,Const 4]), Both (R(3,[Const 4,Const 2,Const 9]), 
Both (R(3,[Const 4,Const 2,Const 8]), Both (R(3,[Const 4,Const 2,Const 4]), 
Both (R(3,[Const 5,Const 3,Const 9]), Both (R(3,[Const 5,Const 3,Const 0]), 
Both (R(3,[Const 5,Const 3,Const 5]), Both (R(3,[Const 5,Const 3,Const 7]), 
Both (R(3,[Const 7,Const 3,Const 9]), Both (R(3,[Const 7,Const 3,Const 0]), 
Both (R(3,[Const 7,Const 3,Const 5]), Both (R(3,[Const 7,Const 3,Const 7]), 
Both (R(4,[Const 0,Const 3,Const 0]), Both (R(4,[Const 8,Const 2,Const 8]), 
Both (R(4,[Const 4,Const 2,Const 4]), Both (R(4,[Const 5,Const 3,Const 5]), 
Both (R(4,[Const 7,Const 3,Const 7]),  
Both (Forall (0,Implies (U(0,[Var 0]),Forall (1,Implies (U(1,[Var 1]),R(5,[Var 0,Var 1,Const 9]))))), 
Both (Forall (2,Forall (3,Forall (4,Forall (5,Implies (N(0,[Var 2]), 
Implies (And (U(6,[Var 4,Var 3,Var 5]),U(2,[Var 4,Var 2])),R(5,[Var 2,Var 3,Var 5]))))))), 
Forall (6,Forall (7,Forall (8,Implies (Or (And (U(5,[Var 6,Var 7,Var 8]),N(3,[Var 6,Var 7,Var 8])), 
U(4,[Var 6,Var 7,Var 8]), 7),R(6,[Var 6,Var 7,Var 8])))))))))))))))))))))))))))))))))))))))) 
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Both (R(0,[Const 0]), 
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Both (R(2,[Const 4,Const 5]), Both (R(2,[Const 6,Const 4]), Both (R(2,[Const 5,Const 6]),  
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Figure 11. The state of result after the call to addPools  

4.3.3. Solving the clauses 
The main algorithm that the solve function uses to solve clauses is given in Appendix A. 
Where, the function execute deals with clauses, while check deals with preconditions. In 
the followings we shall focus on those clauses and preconditions that are sensitive to the 
data structures result and infl, meaning that by dealing with them the solve function 
modifies the two data structures. 
 
execute (R (r, args)) env
To deal with the assertion R(r, args), where r is an integer representing a predicate, and 
args is a list of arguments associated with the predicate, the solver considers two cases 
based on args: 
 
1) All arguments in args are of Const or of Var that have been evaluated in env. The 

solver derives a tuple of integers (each represents an atom of the universe) 
corresponding to args, and inserts the tuple into result (and at the same time infl is also 
modified). For example, to execute R(0, [Const 0]) in line 1 of the clause given in 
Figure 10, the tuple [0] is inserted in result as illustrated in Figure 12. 

Figure 12. After the execution of R(0, [Const 0]) 
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4.3.3. Solving the clauses 
The main algorithm that the solve function uses to solve clauses is given in Appendix A. 
Where, the function execute deals with clauses, while check deals with preconditions. In 
the followings we shall focus on those clauses and preconditions that are sensitive to the 
data structures result and infl, meaning that by dealing with them the solve function 
modifies the two data structures. 
 
execute (R (r, args)) env
To deal with the assertion R(r, args), where r is an integer representing a predicate, and 
args is a list of arguments associated with the predicate, the solver considers two cases 
based on args: 
 
1) All arguments in args are of Const or of Var that have been evaluated in env. The 

solver derives a tuple of integers (each represents an atom of the universe) 
corresponding to args, and inserts the tuple into result (and at the same time infl is also 
modified). For example, to execute R(0, [Const 0]) in line 1 of the clause given in 
Figure 10, the tuple [0] is inserted in result as illustrated in Figure 12. 

 
 
 
 

 

 

 

 

 

 

 

Figure 12. After the execution of R(0, [Const 0]) 
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In Figure 12, the items in bold font constitute the prefix tree for the predicate INIT. The 
number within parentheses on the tree corresponds to the slot number in the stack. When 
the execution of R(1, [Const 1]) in line 1 of Figure 10 is done, result is modified as shown 
in Figure 13.  

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 13. After the execution of R(1, [Const 1]) 

 
When R(4, [Const 7,Const 3,Const 7]) in line 15 of Figure 10 is executed, result is shown 
in Figure 14, which  corresponds to a set of prefix trees illustrated in Figure 15.  
 
Figure 14.  After the execution of R(4,[Const 7,Const 3,Const 7]) 

Stack length: 10 
 
Stack:  
SOME [] SOME [] NONE NONE NONE NONE NONE NONE SOME [1] SOME [0] 
 
Buckets length: 7 
 
Buckets:  
[(0/0,8)] [] [] [] [(1/1, 9)] [] []  
 
Number of elements: 2 
 (8) 

INIT 

L1 

(0) 

(9) 

FVAR 

  x1 

(1) 

Stack length: 66 
Stack:  
SOME [] SOME [7] SOME [3] SOME [] SOME [5] SOME [3] SOME [] SOME [4] SOME [2] SOME [] 
SOME [8] SOME [2] SOME [] SOME [0] SOME [3] SOME [] SOME [] SOME [] SOME [] SOME [7,5,0,9] 
SOME [3] SOME [] SOME [] SOME [] SOME [] SOME [7,5,0,9] SOME [3] SOME [] SOME [] SOME [] 
SOME [4,8,9] SOME [2] SOME [] SOME [] SOME [] SOME [4,8,9] SOME [2] SOME [] SOME [] SOME [] 
SOME [] SOME [7,5,0,9] SOME [3] SOME [] SOME [8] SOME [] SOME [6] SOME [] SOME [] SOME [6] 
SOME []SOME [7,4] SOME [] SOME [5] SOME [] SOME [] SOME [] SOME [] NONE NONE NONE 
SOME [7,5,4,8,0] SOME [7,5,4,8,0] SOME [0,8,5,6,4] SOME [3,2,1] SOME [0] 
Buckets length: 112 
Buckets:  
[] [(40/0,42)] [] [(58/4,59)] [] [(4/0,51)] [(40/5,43)] [] [(40/7,44)] [(51/3,52)(4/4,57)] [(40/9,41)(4/5,60)] [] 
[(4/7,63)] [(4/8,54)] [] [] [] [] [] [] [] [] [] [] [] [(1/1,9)] [(1/2,10)(55/8,56)] [(1/3,11)] [(19/6,20)] [] [] 
[(30/4,33)] [] [] [(12/5,13)] [(30/8,32)] [(30/9,31)] [(23/3,24)(52/0,53)] [] [] [] [(34/2,35)] [] [] [] [(63/3,64)] [] 
[(16/6,17)(45/3,46)] [] [] [] [] [] [] [] [(2/0,21)] [] [] [] [(2/4,12)] [(2/5,16)] [(2/6,14)] [] [(2/8,19)] [(60/3,61)] 
[(24/0,26)] [] [] [] [] [(24/5,27)] [] [(24/7,28)] [] [(24/9,25)(35/4,38)] [(46/0,48)] [] [] [(35/8,37)] [(35/9,36)] 
[(46/5,49)(64/7,65)] [] [(46/7,50)(57/2,58)] [] [(46/9,47)] [(39/3,40)] [(3/0,23)] [] [] [] [(3/4,34)] [(3/5,39)] 
[(21/8,22)] [(3/7,45)] [(3/8,29)] [(14/4,15)] [] [(61/5,62)] [(14/7,18)] [] [] [(54/2,55)] [] [] [] [(0/0,8)] [] [] [] [] 
[(29/2,30)] []  
Number of elements: 58 
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[(4/7,63)] [(4/8,54)] [] [] [] [] [] [] [] [] [] [] [] [(1/1,9)] [(1/2,10)(55/8,56)] [(1/3,11)] [(19/6,20)] [] [] 
[(30/4,33)] [] [] [(12/5,13)] [(30/8,32)] [(30/9,31)] [(23/3,24)(52/0,53)] [] [] [] [(34/2,35)] [] [] [] [(63/3,64)] [] 
[(16/6,17)(45/3,46)] [] [] [] [] [] [] [] [(2/0,21)] [] [] [] [(2/4,12)] [(2/5,16)] [(2/6,14)] [] [(2/8,19)] [(60/3,61)] 
[(24/0,26)] [] [] [] [] [(24/5,27)] [] [(24/7,28)] [] [(24/9,25)(35/4,38)] [(46/0,48)] [] [] [(35/8,37)] [(35/9,36)] 
[(46/5,49)(64/7,65)] [] [(46/7,50)(57/2,58)] [] [(46/9,47)] [(39/3,40)] [(3/0,23)] [] [] [] [(3/4,34)] [(3/5,39)] 
[(21/8,22)] [(3/7,45)] [(3/8,29)] [(14/4,15)] [] [(61/5,62)] [(14/7,18)] [] [] [(54/2,55)] [] [] [] [(0/0,8)] [] [] [] [] 
[(29/2,30)] []  
Number of elements: 58 
 

V�LW@8z�e~x�;8i\à(Þ�ë%�¥å$BaÖÍ×\I5d�×\Ú�IKISî�I5�(F�×\LN=?>T=HÖTFYï-ö�G$Û � ]  g�f 
�G � ]  g<f�õ�G � ]  g<f 
~Ü�ð

f?ð ì Ú�I�BHdy@?F�XZIS>l×�O�LW> 
!X��Cgc�(=C>C×�BHLN>E`:B?d\LPBHb�RWI~O�×\Ú�BH×
Ú�B:`?I±>�=?×�b8I5IS>·I5`:B?RWF8Ba×\I~UTLW>
e  NW�z ì Ú�IpetG�e�_�Y�f eYÖ�F�>��¬×yLW=C>£�S=?>�O�×\dyF��(×yO±B1RNLPO#×K=HÖ!×\F�Ù�RNI5O±=?Ö²LN>l×\IS@CISd�O
b�A·I5`:B?RWF8Ba×\LN>�@
O�F���Ú Bv`aBHdyLNB?b�RNI1ØMLW×\Ú I~B?��Ú�BH×\=?X =?Ö�×\Ú�I»F�>�LN`?I5dyO\I1dyI5O\Ù8I~�¬×yLW`CISRNA?G3B?>�U�LN>�O\ISd\×yOcI5B?��Ú
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Figure 15. The prefix trees after the execution of R(4,[Const 7,Const 3,Const 7]) 

 
2) The arguments in args contain Var that has not been evaluated in env. The solver 

constructs a list of tuples of integers by evaluating such a Var with each atomic value 
of the universe respectively, and inserts each tuple of atoms into result as in case 1.  
For example, if we have an assertion like R(0, [Var 0]), which corresponds to INIT(x),  
and if env = [], then the solver constructs a list of tuples as   

 
[0], [1], [2], [3], [4], [5], [6], [7], [8], [9] 

 
where each element in the tuples denotes an atom in the universe. The solver then 
inserts each of them into result.  

 
check (U (r, args), next) env 
To deal with the query U(r, args), the check function looks up the data structure result and 
derives a list of tuples associated with the predicate r, and then unifies each tuple with the 
args. If the unification is successful, the solver will continue to work with the next clause 
or precondition accordingly. To be efficient, the check function proceeds in three steps: 
 
� Split args into two parts: prefix and rest. The prefix contains the first part of args, in 

which all arguments are either of Const or Var that have been evaluated in env. The 
rest contains the remains of args. For example, the args in U(2, [Const 4, Var 0]), is 
split into  prefix = [4], and rest = [Var 0]. 

(25) 

INIT (0) 

L1
1 

(8) 

FVAR  (1) 

x1 

(9) 
z1 

y1 

(10) (11) 

FLOW (2) 

L3 
(14) 

L5 L2 

(16) (19) 

L4 L1 
(12) (21) 
L5 

L4 L6 L3 L6 L2 

(13) 
(15) (18) (17) (20) (22) 

RDKILL (3) 

L2 
(29) 

L4 L5 

(39) 

L1 L6 (23) (45) 
y1 

z1 y1 
y1 (24) 

(46) 

(30) 

RDGEN (4) 

L4 

(54) 
L5 L2 

(57) (60) 

L1 L6 
(51) (63) 

L5 L4 L1 L6 L2 

(52) (55) 

(65) 

(58) (61) (64) L1 

(26) 
L5 

L6 

(27) 
(28) 

(31) 

L2 
L4 

(32) (33) 

(37) 

z1 y1 

(4
0) 

(44) 

labQ 

labQ labQ 

labQ 

L6 

(34) 
z1 

(36) 

(35) 

L2 

(38) 

labQ L4 

(41) (42) (43) 

L1 L5 

L6 

(53) 
(48) (49) 

L1 L5 (47) 
(50) 

y1 
y1 

z1 

(56) (59) (62) 

V�LN@�z�e5ù�;��!d\ISÝ�î[×\dyISI~OMBaÖÍ×yISd�×\Ú�IKI(î�I5�SF�×\LN=?>T=HÖTFZï�ö�G$Û � ]  g�f 
�G � ]  g�f�õ�G � ]  g�f 
~Ü�ð

×\F�Ù�RWI±=?Ö3Ba×y=?XÁO�LW>l×\= i\à(Þ¬ë%��å�B?O²LW>E�SBCO�I}e?z�V�=Cd�ISî�BHXZÙ�RNI?G�L¥Ö�Ø²I§Ú�B:`CI�BH>TB?OyO�I5d�×yLW=C>[RNL �CI
FZï-g�G!Û � 
0XEgaÜ�ð¬G�ØMÚ�LN��Ú �S=?dyd\I~O�Ù�=?>�U�O
×y=Es#Q�s ì ï G�ð¬GpBH>�U e  NW D Û ÜtG�×\Ú�IS>£×\Ú�I etG�e�_@Y�f e
Ö�F�>��(×\LN=?>Á�(=C>�O�×\dyF��¬×�O�B§RNLNO�×r=HÖ8×\F�Ù�RNI5OrBCOS;�Û gaÜtG�ÛWe(ÜtG�Û faÜÌG�Û õaÜtG�Û ö?ÜÌG�Û x:ÜtG�Û ùHÜÌG�Û�
~ÜtG�Û �aÜtG�Û �HÜÌzHm²B?��Ú
ISRNISXZI5>C×±LN>v×\Ú�I}×yF�Ù�RNI5O±U�I5>�=H×yI5O±BH>kBH×\=CX Ö�d\=CX�×yÚ�IZF�>�LN`?I5dyO\I?z�m!BC��Úv=HÖ+×yÚ�I}×\F�Ù�RNIYLNO
dyI5O\Ù8I~�¬×\LN`?I5RWA1LW>�O\ISd\×\I~U1LN>l×\= i\à(Þ¬ë%��å¯z

_��$_��?0325_�� � 6�7 ^ |¯| � � � �?| 	 	 _�����k sw>Y×\Ú�I��5B?O\I�=?Ö8×yÚ�IMF�>�LN`?I5dyOyBHR%5lF�B?>C×yL¥Ý��SBa×yLW=C>}LN>Y×\Ú�I
�(RPBHF8O�ICGlLÌz I?z�� ]�X�
!\v\�ïHG�GC_@\¯ð(Gl×\Ú�I etG�e�_�Y�f e�Ö�F�>��¬×yLW=C>»LN>l×\dy=�U�F��(I~O+×yÚ�I±>�ISØô`:B?d\LPBHb�RWI GTb�A
I(î�×yIS>�U�LN>�@ e  NW1BCO�ï G3G8Q§÷§Q�m²ð(;W; e  NW8G�Ú�ISdyI?G�Q±÷§Q
m�XZI5B?>�O�×\Ú8Ba× G·LPO�>�=?×�b�LN>�U�I5UEb�A
BH>�AT`aBHRNF�I�A?IS×5z�st×
×yÚ�IS>vISî�I5�(F�×\I5Oh_@\rLN>·×\Ú�IcI(î�×yIS>�U�I~U*e  NW8z�V�=Cd
I(î�B?XYÙ�RWICG�ØMÚ�I5>·×\Ú�I
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V�LW@8z8eCe?G�LÌz ICz�� ]�X�

\^\\ï-g�G���� ��\^Z[e)glï��Áï-g�G+Û ��
!X·gaÜ�ð¬G�� ]�X�

\^\\ï#zNzWzµð�ð\ð¬G�Ú�ISdyI?G�Ø�I[F�O\I·zSz5zw×\=
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Q§÷§Q�m²ð(z�o�ÖÍ×\I5d\Ø�BHd�U�O5GCLW×MÙ�d\=��SI5OyO�I~O+×yÚ�I�LNXZÙ�RNLN�5Ba×\LN=?>E�(RPBHF8O�I���� ��\^Z[e)glï��Áï-g�G�Û �A
!XcgaÜ�ð¬G
� ]�X�

\^\�ï�zWzNzµð�ð�F�>�U�ISdM×yÚ�IK>�ISØ�e  NW8z

_��$_��?0325_�� 
(i
	�|¯�-_�9���	37a_ � �C| 	 	 _�����k ì =�U�I5BHR?ØML¥×yÚ±×\Ú�I+LNXZÙ�RNLN�5Ba×\LN=?>�G(L¯z I?z���� ��\^Zbe�glï �>X)elG
_@\Ìð¬GC×\Ú�I eKG�e�_�Y�f e
Ö�F�>��(×\LN=?>1Ý�dyO�×��5BHRNRNO+×\Ú�I _���e�_�a}Ö�F�>��(×\LN=?>[×y=c��Ú�I~���}×yÚ�I
Ù�d\I~�(=?>8U�L¥×yLW=C>
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�(F�d\dyIS>l×cISî�I~�(F�×yLW=C> ×\I5d\XZLN>�Ba×yI5O5zrn²=C>�O\LNU�I5d�×yÚ�ITOyBHXZI»I(î�BHXZÙ�RNI
�0� ��\�Zbe)gCï��Zï-g�G²Û � 
!X
gaÜ�ð¬G�� ]�X�

\^\\ï#zNzWzµð�ð�BCO�B?b8=a`CI?G�ØMÚ�I5>[×\Ú�I§Ù�d\I~�(=?>8U�L¥×yLW=C>��Zï¯g�G$Û � 
!XcgHÜÍð²LPO!×yd\F�I?G�×\Ú�I±�S=?>�q
�(RNF�O\LW=C>�� ]�X�

\^\\ï#zNzWzµð�ðMLNO�ISî�I~�(F�×yI5U�z�÷
×\Ú�I5d\ØMLPO�ICG�×\Ú�I5d\I±LPO�>�=ZÖ�F�d\×\Ú�I5dMI(î�I5�SF�×\LN=?>�z
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�~4�_���� ��� �w7 � ^ 7 �89 	 � ��_���2 	 _�����k ì =cU�I~BHR�ØML¥×yÚ[×yÚ�I�5lF�I5d\A
�Zï^X�G 
!X��3g~ð(Gl×\Ú�I _��>e�_�a
Ö�F�>��¬×yLW=C>ÁRW=�= ��OpF�Ù}×yÚ�I
U�BH×yB±O�×\dyF��¬×yF�d\Iniyà¬Þ¬ë%��å�B?>�UZU�ISdyLW`CI5OrB§RNLNO�×!=HÖ�×\F�Ù�RWI~O+B?OyO\=��SLNBH×\I~U
ØML¥×yÚ1×yÚ�I�Ù�d\I~U�LN�5Ba×yI X�G�BH>�U[×\Ú�I5>1F�>�L¥Ý�I~O�I5B?��Ú[×\F�Ù�RNI±ØML¥×yÚ 
!X��CgCz�stÖ�×yÚ�I§F�>�LWÝ8�SBH×\LN=?>1LPO
O�F��5�(I~O\O�Ö�F�RÌG?×yÚ�I�O\=?RN`?I5d+ØMLWRNR��(=?>l×yLW>�F�I
×\=�Ø�=?dZ�}ØMLW×\Ú[×\Ú�I  zeKG�f+�(RPBHF�O\I�=Cd!Ù�dyI5�S=?>�U�LW×\LN=?>
B?�S�S=?d�U�LN>�@?RNA?z ì =Yb�IKI��[�SLWI5>C×~G�×\Ú�I _��>e�_�a[Ö�F�>��(×\LN=?>EÙ�dy=��(ISI~U�O�LN>»×yÚ�dyISIKO#×yISÙ�O5;

0 D�Ù�RWLW× 
!X��Cg}LN>C×y=Z×#Ø²=ÁÙ8BHd\×yO5; �>X)e���ZkGkBH>�U`X)e)g�f¬z ì Ú�I �>X)e���Z GË�(=?>l×�BHLN>�O�×\Ú�IKÝ�d�O#×Ù�B?d�×�=HÖ/
!X��CgCG�LN>[ØMÚ�LP��Ú1BHRNR�B?d\@CF�XZIS>l×yO²BHdyI
I5L¥×yÚ�ISd�=HÖ � ]  g�f+=Cd�� 
!X±×yÚ�Ba×�Ú�B:`?I
b�ISI5>�IS`aBHRNF�BH×\I5U�LW>je  NW�z ì Ú�I X)e�g�f$�S=?>l×yB?LW>�O$×\Ú�I²d\I5XÁBHLN>�O$=?Ö�
0X��3gCz~V�=?d�ISî�BHXZÙ�RNI?G
×yÚ�I 
!X �3gcLW> �ZïÌf�G�Û � ]  g�f²ö8G � 
!X}gHÜÍð(G�LPO�O\Ù�RWLW×�LN>C×y= �>X)e���ZkG�D�Û öHÜtG�B?>�URX�e)g�fgD
Û � 
!X}gHÜÌz

0 ì Ú�I
RWLPO#× �>X)e���ZkG[LNO+×\Ú�I5>ÁF�O\I5UY×\=cRW=�=6�YF�Ùbi\à(Þ¬ë%��å�Ö�=Cd²B±RNLNO�×²=?Ö�×\F�Ù�RNI5O5GH×yÚ�Ba×�Ú�B:`?IO\F���Ú¨BEÙ�d\ISÝ�î�G$B?OyO�=��SLNBH×\I5UkØML¥×yÚ¨Ù�d\I~U�LP�SBa×yI X�G�BH>�UË×yÚ�IS>¨I5BC��ÚË=?Ö!×yÚ�IÁ×\F�Ù�RWIÁLPO
F�O\I5UË×y=vF�>�LWÖ�AËØMLW×\Ú:X)e)g�f¬z3V�=?dK×yÚ�I[Ù�dyIS`�LN=?F�OKISî�BHXZÙ�RNI?G$LWÖ�×\Ú�I[Ù�d\ISÝ�îk×yd\I5IZÖ�=?d
Ù�dyI5U�LN�5Ba×\IÁfËï�LÌz ICz$V�íp÷ 	ôð§BCO§O\Ú�=aØM>vLN>¨V3LN@�z�e5ùT�(=C>l×yBHLN>�O�=?>�RNA·×yÚ�IZXY=lO#×±RNI(ÖÍ×
Ù�BH×\Ú$G�LÌz ICz�ï-í$ö8Glí�x?ðg^kVpí�÷g	&GlLN>[×yÚ�I±�(F�dyd\I5>l× i\à(Þ¬ë%��å¯GC×\Ú�IS>i\^Z g<fTD&Û x:ÜtG�BH>�UZ×yÚ�I
BH×\=?XÉx»ï-L¯z I?z��²x?ð²LPOMF�O\I5U1×\=ÁF�>�L¥Ö�A»ØML¥×yÚ �A
!X}g�z

0 sw>1O\=?XZI§O�LW×\F�BH×\LN=?>�O5GC×\Ú�I�5CF�ISdyAYXÁB:AY>�=H×�b8I±OyBa×\LPO�Ý�I5UÁØMLW×\Ú[×\Ú�I±�(F�dydyIS>l×+×\F�Ù�RWI~OLN>fi\à¬Þ¬ë%��å!F�>�U�I5dK×\Ú�I[�SF�dyd\I5>C× e  NW�G$b�F�×cLW×�XÁB:Akb�I[O\BH×\LPO#Ý8I5U£ØMÚ�IS> O\=?XZIÁ>�I5Ø
×yF�Ù�RNI5O�BCU�U£LW>l×\=�iyà¬Þ¬ë%��åÌz�sw>£×\Ú�LPO��SBCO�ICG�×\Ú�I»O�=CRW`CISdKB?U�U�OKB·�(=?>8O�F�XZI5dKLW>l×\= âÍç��
O\=Á×\Ú8Ba×§×\Ú�IY�(F�dyd\I5>l×§�(=CXZÙ�F�×yBH×\LN=?>v�5BH>vb�I}dyI5O\F�XZI5UERPBa×yISd§ØMÚ�IS>ËB[>�I5Ø ×\F�Ù�RNI
BCO\O\=��(LPBa×\I~U[ØMLW×\ÚT×\Ú�IKÙ�d\I~U�LP�SBa×yI±LNOMLN>�O\ISd\×\I~U1LN>l×\= i\à(Þ�ë%�¥å¯z

� #�äaê
ßC�Wà	�0t�oMÖÍ×yISd±×\Ú�IZ��Ú�I5���v=?Ö+×#Ø²= 5lF�I5d\LNI5O �Zï¯g�GrÛ �A
!X»gaÜ�ð§BH>�U �Zï#eCG+Û �A
!Xke(Ü�ð
LW>
RWLN>�I£e 
TLN> V�LN@�z�eCe?G3×\Ú�I»XZ=�U�L¥Ý�I~UÎâÍç��ô×y=?@CI(×\Ú�ISdYØML¥×yÚ ×\Ú�I»×\Ú�d\I5I1RNLNO�×yO5G3LÌz I?z �>X)e���ZkG�G
X�e)g�f�BH>�U`\�Z g�f¬G�BHdyI±LWRNRWF8O#×ydyBH×\I5U»LN>EV�LN@�z�e 
}BH>8U»V�LN@�z�eK�}d\I~O�Ù�I5�(×\LN`?ISRNA?z
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� The prefix is then used to look up result for a list of tuples, that have such a prefix, 
associated with predicate r, and then each of the tuple is used to unify with rest. For 
the previous example, if in result the prefix tree for predicate 2 (i.e. FLOW) is as 
follows, then list = [5], the atom 5 (i.e. l5) will be used to unify with Var 0. 

 
 
 
 
 
 
 
    

� In some situations, the query is not satisfied with the current tuples in result under the 
current env, but it may be satisfied when some new tuples add into result.  In this case, 
the solver adds a consumer into infl so that the current computation can be resumed 
later when a new tuple associated with the predicate is inserted into result.  

 
Example 2. Consider two queries U(0, [Var 0])and U(1, [Var 1]) in line 15 in Figure 10, 
the resulted infl together with the three lists, i.e. prefix, rest and list, are illustrated in 
Figure 16 and Figure 17 respectively. 

Figure 16.  infl after check U(0, [Var 0]) 

 
 

FLOW 

l4 
(3) 

(12) 
l5 

(13) 

prefix: [] 
rest: [Var 0] 
list of tuples with the prefix: [0] 
Stack length: 65 
Stack:  
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE SOME [c] 
Buckets length: 112 
Buckets:  
[(29/4,32)] [] [] [(11/5,12)] [(29/8,31)] [(29/9,30)(4/0,50)] [(22/3,23)(51/0,52)] [] [] [(4/4,56)] 
[(33/2,34)(4/5,59)] [] [(4/7,62)] [(4/8,53)] [(62/3,63)] [] [(15/6,16)(44/3,45)] [] [] [] [] [] [] [] [] [(1/1,8)] 
[(1/2,9)] [(1/3,10)] [] [] [] [] [] [(59/3,60)] [(23/0,25)] [] [] [] [] [(23/5,26)] [] [(23/7,27)] [] 
[(23/9,24)(34/4,37)] [(45/0,47)] [] [] [(34/8,36)] [(34/9,35)] [(45/5,48)(63/7,64)] [] [(45/7,49)(56/2,57)] [] 
[(45/9,46)] [(38/3,39)] [(2/0,20)] [] [] [] [(2/4,11)] [(2/5,15)] [(2/6,13)(20/8,21)] [] [(2/8,18)] [(13/4,14)] 
[] [(60/5,61)] [(13/7,17)] [] [] [(53/2,54)] [] [] [] [] [] [] [] [] [(28/2,29)] [] [] [(39/0,41)] [] [(57/4,58)] [] 
[(3/0,22)] [(39/5,42)] [] [(39/7,43)] [(3/4,33)(50/3,51)] [(3/5,38)(39/9,40)] [] [(3/7,44)] [(3/8,28)] [] [] [] 
[] [] [] [] [] [] [] [(0/0,7)] [] [(54/8,55)] [] [(18/6,19)] [] []  
Number of elements: 58 
 

V�LN@�z�e 
�;�âÍç�� BH>8U[×yÚ�I±×\Ú�dyISIKRNLPO#×�OMBaÖÍ×\I5d�×\Ú�I���Ú�I5���[=?Ö �Zï¯g�G$Û � 
!X}gHÜÍð

D�m�n�D�o�Vpmrqts#uvuEqwg?gCxaqyeCz g e5ù



sw>ZV3LN@�zNe 
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m U�IS>�=?×\LN>�@�B§>�=�U�I�ØMLW×\Ú�=CF�×!BK�(=C>�O�F�XYI5d5G
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Figure 17. infl after check U(1, [Var 1]) 

 
 
check (N (r, args), next) env 
To deal with the negative query N(r, args), the check function does three things: 
� Get a list vars from args which are not evaluated in env.
� For each v in vars, and an atom a of the universe (all), update env with a pair (v, a), 

and eventually obtain a list envList of env. 
� For each env in the list, obtain a tuple of atoms by instantiating the args, and check 

whether such a tuple has already been in result. If the tuple is not in result, the 
corresponding env in envList is propagated to the next clause or precondition. 

 
Example 3. Consider the negative query N(0, [Var 2]), in line 16 in Figure 10, the vars 
and envList are illustrated in Figure 18.  
 

Figure 18. After the negative query N(0, [Var 2]) 

 
 
check (Or (pre1, pre2), next) env 

prefix: [] 
rest: [Var 1] 
list of tuples with the prefix: [3], [2], [1] 
Stack length: 65 
Stack:  
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE SOME [c] SOME [c] 
Buckets length: 112 
Buckets:  
[(29/4,32)] [] [] [(11/5,12)] [(29/8,31)] [(29/9,30)(4/0,50)] [(22/3,23)(51/0,52)] [] [] [(4/4,56)] 
[(33/2,34)(4/5,59)] [] [(4/7,62)] [(4/8,53)] [(62/3,63)] [] [(15/6,16)(44/3,45)] [] [] [] [] [] [] [] [] [(1/1,8)] 
[(1/2,9)] [(1/3,10)] [] [] [] [] [] [(59/3,60)] [(23/0,25)] [] [] [] [] [(23/5,26)] [] [(23/7,27)] [] 
[(23/9,24)(34/4,37)] [(45/0,47)] [] [] [(34/8,36)] [(34/9,35)] [(45/5,48)(63/7,64)] [] [(45/7,49)(56/2,57)] [] 
[(45/9,46)] [(38/3,39)] [(2/0,20)] [] [] [] [(2/4,11)] [(2/5,15)] [(2/6,13)(20/8,21)] [] [(2/8,18)] [(13/4,14)] [] 
[(60/5,61)] [(13/7,17)] [] [] [(53/2,54)] [] [] [] [] [] [] [] [] [(28/2,29)] [] [] [(39/0,41)] [] [(57/4,58)] [] 
[(3/0,22)] [(39/5,42)] [] [(39/7,43)] [(3/4,33)(50/3,51)] [(3/5,38)(39/9,40)] [] [(3/7,44)] [(3/8,28)] [] [] [] [] 
[] [] [] [] [] [] [(0/0,7)] [] [(54/8,55)] [] [(18/6,19)] [] []  
Number of elements: 58 
 

vars: [2] 
 
envList:  
[(5,NONE), (4,NONE), (3,NONE), (2,SOME 0)], [(5,NONE), (4,NONE), (3,NONE), (2,SOME 1)], 
[(5,NONE), (4,NONE), (3,NONE), (2,SOME 2)], [(5,NONE), (4,NONE), (3,NONE), (2,SOME 3)], 
[(5,NONE), (4,NONE), (3,NONE), (2,SOME 4)], [(5,NONE), (4,NONE), (3,NONE), (2,SOME 5)], 
[(5,NONE), (4,NONE), (3,NONE), (2,SOME 6)], [(5,NONE), (4,NONE), (3,NONE), (2,SOME 7)], 
[(5,NONE), (4,NONE), (3,NONE), (2,SOME 8)], [(5,NONE), (4,NONE), (3,NONE), (2,SOME 9)] 
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Figure 17. infl after check U(1, [Var 1]) 

 
 
check (N (r, args), next) env 
To deal with the negative query N(r, args), the check function does three things: 
� Get a list vars from args which are not evaluated in env.
� For each v in vars, and an atom a of the universe (all), update env with a pair (v, a), 

and eventually obtain a list envList of env. 
� For each env in the list, obtain a tuple of atoms by instantiating the args, and check 

whether such a tuple has already been in result. If the tuple is not in result, the 
corresponding env in envList is propagated to the next clause or precondition. 

 
Example 3. Consider the negative query N(0, [Var 2]), in line 16 in Figure 10, the vars 
and envList are illustrated in Figure 18.  
 

Figure 18. After the negative query N(0, [Var 2]) 

 
 

ch. U(1) 
prefix: [] 
rest: [Var 1] 
list of tuples with the prefix: [3], [2], [1] 
Stack length: 65 
Stack:  
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE SOME [c] SOME [c] 
Buckets length: 112 
Buckets:  
[(29/4,32)] [] [] [(11/5,12)] [(29/8,31)] [(29/9,30)(4/0,50)] [(22/3,23)(51/0,52)] [] [] [(4/4,56)] 
[(33/2,34)(4/5,59)] [] [(4/7,62)] [(4/8,53)] [(62/3,63)] [] [(15/6,16)(44/3,45)] [] [] [] [] [] [] [] [] [(1/1,8)] 
[(1/2,9)] [(1/3,10)] [] [] [] [] [] [(59/3,60)] [(23/0,25)] [] [] [] [] [(23/5,26)] [] [(23/7,27)] [] 
[(23/9,24)(34/4,37)] [(45/0,47)] [] [] [(34/8,36)] [(34/9,35)] [(45/5,48)(63/7,64)] [] [(45/7,49)(56/2,57)] [] 
[(45/9,46)] [(38/3,39)] [(2/0,20)] [] [] [] [(2/4,11)] [(2/5,15)] [(2/6,13)(20/8,21)] [] [(2/8,18)] [(13/4,14)] [] 
[(60/5,61)] [(13/7,17)] [] [] [(53/2,54)] [] [] [] [] [] [] [] [] [(28/2,29)] [] [] [(39/0,41)] [] [(57/4,58)] [] 
[(3/0,22)] [(39/5,42)] [] [(39/7,43)] [(3/4,33)(50/3,51)] [(3/5,38)(39/9,40)] [] [(3/7,44)] [(3/8,28)] [] [] [] [] 
[] [] [] [] [] [] [(0/0,7)] [] [(54/8,55)] [] [(18/6,19)] [] []  
Number of elements: 58 
 

vars: [2] 
 
envList:  
[(5,NONE), (4,NONE), (3,NONE), (2,SOME 0)], [(5,NONE), (4,NONE), (3,NONE), (2,SOME 1)], 
[(5,NONE), (4,NONE), (3,NONE), (2,SOME 2)], [(5,NONE), (4,NONE), (3,NONE), (2,SOME 3)], 
[(5,NONE), (4,NONE), (3,NONE), (2,SOME 4)], [(5,NONE), (4,NONE), (3,NONE), (2,SOME 5)], 
[(5,NONE), (4,NONE), (3,NONE), (2,SOME 6)], [(5,NONE), (4,NONE), (3,NONE), (2,SOME 7)], 
[(5,NONE), (4,NONE), (3,NONE), (2,SOME 8)], [(5,NONE), (4,NONE), (3,NONE), (2,SOME 9)] 
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For a conjunctive precondition, the check function checks both preconditions respectively, 
and propagates the new env to the next clause or precondition as described in the 
algorithm in Appendix A. To be eff icient, if both checks produce the same env, the second 
check does not need to consider the next, since it has been done once in checking the first 
precondition. This can be achieved by the memoisation, which saves the first env in the 
pool in result, and when the second env is generated, if it is the same as the first one, the 
check terminates.   
 
Example 4. Consider the Or precondition in line 18 in Figure 10: 
Or (And (U(5, [Var 6,Var 7,Var 8]), N(3, [Var 6,Var 7,Var 8])), U(4, [Var 6,Var 7,Var 8]), 7) 
 
Where the third argument, integer 7, points to the location in the stack of result. When  
U(5, [Var 6,Var 7,Var 8]) is checked, the prefix tree for predicate 5 in result is as 
ill ustrated in Figure 19.  
 

 
 
 
 
 
 
 
 
 
 

Figure 19. The prefix tree in result for predicate 5 

 
The part of the outcomes from the check function is as shown in Figure 20.  
 

Figure 20. The part of the outcomes from check U(5, [Var 6,Var 7,Var 8]) 

 
When the first tuple in list unifies with rest, the environment env = [(8, 9), (7, 1), (6, 0)], 
and it will not be modified by checking N(3,[Var 6,Var 7,Var 8])). This env is then saved 

RDIN(5) 

z1 
(67) 

(66) 
L1 

(71) 

labQ 

x1 

(68) 

(69) 

(70) (72) 

y1 

labQ labQ 

prefix: []  
rest: [Var 6,Var 7,Var 8] 
list of tuples with the prefix: 
[0,1,9], [0,2,9], [0,3,9] 
Stack length: 72 
Stack:  
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
SOME[c,c,c,c,c,c,c,c,c] SOME[c] NONE NONE NONE SOME[c] SOME[c] 
… 
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prefix: [] 
rest: [Var 6,Var 7,Var 8] 
list of tuples with the prefix: 
[0,1,9], [0,2,9], [0,3,9] 
Stack length: 72 
Stack:  
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE SOME [c,c,c,c,c,c,c,c,c] SOME [c] 
NONE NONE NONE SOME [c] SOME [c] 
Buckets length: 112 
Buckets:  
[(29/4,32)] [] [] [(11/5,12)] [(29/8,31)] [(29/9,30)(4/0,50)] [(22/3,23)(51/0,52)] [] [] [(4/4,56)] 
[(33/2,34)(4/5,59)] [] [(4/7,62)] [(4/8,53)] [(62/3,63)] [] [(15/6,16)(44/3,45)] [] [] [] [] [] [] [] [] [(1/1,8)] 
[(1/2,9)] [(1/3,10)] [] [] [] [] [(66/9,67)] [(59/3,60)] [(23/0,25)] [] [(5/0,65)] [] [] [(23/5,26)] [] [(23/7,27)] 
[] [(23/9,24)(34/4,37)] [(45/0,47)(70/9,71)] [] [] [(34/8,36)] [(34/9,35)] [(45/5,48)(63/7,64)] [] 
[(45/7,49)(56/2,57)] [] [(45/9,46)] [(38/3,39)] [(2/0,20)] [] [] [] [(2/4,11)] [(2/5,15)] [(2/6,13)(20/8,21)] [] 
[(2/8,18)] [(13/4,14)] [] [(60/5,61)] [(13/7,17)] [] [] [(53/2,54)] [] [] [] [] [] [] [] [] [(28/2,29)] [] [] 
[(39/0,41)] [] [(57/4,58)] [] [(3/0,22)] [(39/5,42)] [] [(39/7,43)] [(3/4,33)(50/3,51)] [(3/5,38)(39/9,40)] [] 
[(3/7,44)] [(3/8,28)(68/9,69)] [] [] [] [] [] [] [] [] [] [] [(0/0,7)(65/1,70)] [(65/2,68)] [(54/8,55)(65/3,66)] [] 
[(18/6,19)] [] []  
Number of elements: 65 
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×yÚ�I�5CF�ISdyA �Áï-ù�GpÛ � 
!XÁö�G � 
!X[õ�G �A
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in the pool that is rooted in location 7 of the stack in result. When this env is added, result 
is modified as illustrated in Figure 21.  
 
 

Figure 21. Memoisation for Or 

 
More on execute (R (r, args), next) env 
Previously, when we discussed the execution of the assertion R(r, args), we hided one 
important thing that the execute function does. It is to resume the corresponding 
consumers when a new tuple is added in result. If we consider the query U(6, [Var 4,Var 
3,Var 5]) in line 17 in Figure 10 as an example, when this query is checked, result 
contains nothing about predicate 6, therefore the check function suspends the current 
computation and adds the consumer to infl for each env that is propagated by checking 
N(0, [Var 2]) as we discussed before. Thus, there are 9 consumers registered in infl, at 
location 6 in the stack, as already shown in Figure 20.  
 
When the assertion R(6,[Var 6,Var 7,Var 8]) in the last line in Figure 10 is processed, the 
first tuple [0, 1, 9] is inserted into result as illustrated in Figure 22.  
 
 
 
 
 
 
 
 

Stack length: 76 
Stack:  
SOME [] SOME [0] SOME [1] SOME [] SOME [9] SOME [] SOME [9] SOME [] SOME [9]  
SOME [1,2,3] SOME [] SOME [7] SOME [3] SOME [] SOME [5] SOME [3] SOME [] SOME [4]  
SOME [2] SOME [] SOME [8] SOME [2] SOME [] SOME [0] SOME [3] SOME [] SOME []  
SOME [] SOME [] SOME [7,5,0,9] SOME [3] SOME [] SOME [] SOME [] SOME [] SOME [7,5,0,9]  
SOME [3] SOME [] SOME [] SOME [] SOME [4,8,9] SOME [2] SOME [] SOME [] SOME []  
SOME [4,8,9] SOME [2] SOME [] SOME [] SOME [] SOME [] SOME [7,5,0,9] SOME [3] SOME []  
SOME [8] SOME [] SOME [6] SOME [] SOME [] SOME [6] SOME [] SOME [7,4] SOME []  
SOME [5] SOME [] SOME [] SOME [] SOME [] SOME [9] NONE SOME [0] SOME [7,5,4,8,0]  
SOME [7,5,4,8,0] SOME [0,8,5,6,4] SOME [3,2,1] SOME [0] 
Buckets length: 112 
Buckets:  
[] [(40/0,42)] [] [(58/4,59)] [] [(4/0,51)] [(40/5,43)] [] [(40/7,44)] [(51/3,52)(4/4,57)] [(40/9,41)(4/5,60)]  
[] [(4/7,63)] [(4/8,54)(69/9,70)] [] [] [] [(73/1,74)] [] [] [] [] [] [] [(66/1,71)] [(1/1,9)(66/2,69)] 
[(1/2,10)(55/8,56)(66/3,67)] [(1/3,11)] [(19/6,20)] [] [] [(30/4,33)] [] [] [(12/5,13)] [(30/8,32)] 
[(30/9,31)(5/0,66)] [(23/3,24)(52/0,53)] [] [] [] [(34/2,35)] [] [] [] [(63/3,64)] [] 
[(16/6,17)(45/3,46)(74/0,75)] [] [] [] [] [] [] [] [(2/0,21)] [] [] [] [(2/4,12)] [(2/5,16)] [(2/6,14)] [] 
[(2/8,19)(67/9,68)] [(60/3,61)] [(24/0,26)] [] [] [] [] [(24/5,27)] [] [(24/7,28)] [] [(24/9,25)(35/4,38)] 
[(46/0,48)(71/9,72)] [] [] [(35/8,37)] [(35/9,36)] [(46/5,49)(64/7,65)] [] [(46/7,50)(57/2,58)] [] [(46/9,47)] 
[(39/3,40)] [(3/0,23)] [] [] [] [(3/4,34)] [(3/5,39)] [(21/8,22)] [(3/7,45)] [(3/8,29)] [(14/4,15)] [] [(61/5,62)] 
[(14/7,18)] [] [] [(54/2,55)] [] [] [] [(0/0,8)] [] [(7/9,73)] [] [] [(29/2,30)] []  
Number of elements: 68 
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Figure 22. Insert ion of a tuple associated with predicate 6 

 
When the insertion is done, the execute function constructs a list of consumers associated 
with predicate 6, and resumes all the computations that were suspended before.  
 
Final result 
The Output module produces the final result as shown in Appendix B. The final data 
structures result and infl are given in Apendix C and D respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Stack length: 79 
Stack:  
SOME [] SOME [9] SOME [1] SOME [] SOME [0] SOME [1] SOME [] SOME [9] SOME []  
SOME [9] SOME [] SOME [9] SOME [1,2,3] SOME [] SOME [7] SOME [3] SOME [] SOME [5]  
SOME [3] SOME [] SOME [4] SOME [2] SOME [] SOME [8] SOME [2] SOME [] SOME [0]  
SOME [3] SOME [] SOME [] SOME [] SOME [] SOME [7,5,0,9] SOME [3] SOME [] SOME []  
SOME [] SOME [] SOME [7,5,0,9] SOME [3] SOME [] SOME [] SOME [] SOME [4,8,9] SOME [2] 
SOME [] SOME [] SOME [] SOME [4,8,9] SOME [2] SOME [] SOME [] SOME [] SOME []  
SOME [7,5,0,9] SOME [3] SOME [] SOME [8] SOME [] SOME [6] SOME [] SOME [] SOME [6] 
SOME [] SOME [7,4] SOME [] SOME [5] SOME [] SOME [] SOME [] SOME [] SOME [9]  
SOME [0] SOME [0] SOME [7,5,4,8,0] SOME [7,5,4,8,0] SOME [0,8,5,6,4] SOME [3,2,1] SOME [0] 
Buckets length: 112 
Buckets:  
[] [(40/0,42)] [] [(58/4,59)] [] [(4/0,51)] [(40/5,43)] [] [(40/7,44)] [(51/3,52)(4/4,57)] 
[(40/9,41)(4/5,60)] [] [(4/7,63)] [(4/8,54)(69/9,70)] [] [] [] [(73/1,74)] [] [] [] [] [] [] [(66/1,71)] 
[(1/1,9)(66/2,69)] [(1/2,10)(55/8,56)(66/3,67)] [(1/3,11)] [(19/6,20)] [] [] [(30/4,33)] [] [] [(12/5,13)] 
[(30/8,32)] [(30/9,31)(5/0,66)] [(23/3,24)(52/0,53)(77/9,78)] [] [] [] [(34/2,35)] [] [] [] [(63/3,64)] [] 
[(16/6,17)(45/3,46)(74/0,75)] [] [] [] [] [] [] [] [(2/0,21)] [] [] [] [(2/4,12)] [(2/5,16)] [(2/6,14)] [] 
[(2/8,19)(67/9,68)] [(60/3,61)] [(24/0,26)] [] [(6/0,76)] [] [] [(24/5,27)] [] [(24/7,28)] [] 
[(24/9,25)(35/4,38)] [(46/0,48)(71/9,72)] [] [] [(35/8,37)] [(35/9,36)] [(46/5,49)(64/7,65)] [] 
[(46/7,50)(57/2,58)] [] [(46/9,47)] [(39/3,40)] [(3/0,23)] [] [] [] [(3/4,34)] [(3/5,39)] [(21/8,22)] 
[(3/7,45)] [(3/8,29)] [(14/4,15)] [] [(61/5,62)] [(14/7,18)] [] [] [(54/2,55)] [] [] [] [(0/0,8)] [] [(7/9,73)]  
[] [] [(29/2,30)(76/1,77)] []  
Number of elements: 71 
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The Universe:  
(L1, x1, z1, y1, L4, L5, L3, L6, L2, labQ) 
 
Relation INIT/1: 
(L1),  
 
Relation FVAR/1: 
(y1),  (z1), (x1),  
 
Relation FLOW/2: 
(L1, L2),  (L2, L3),  (L5, L3),  (L3, L6),  (L3, L4),  (L4, L5),  
 
Relation RDKILL/3: 
(L6, y1, L6),  (L6, y1, L5),  (L6, y1, L1),  (L6, y1, labQ),  
(L5, y1, L6),  (L5, y1, L5),  (L5, y1, L1),  (L5, y1, labQ),  
(L4, z1, L4),  (L4, z1, L2),  (L4, z1, labQ),  
(L2, z1, L4),  (L2, z1, L2),  (L2, z1, labQ),  
(L1, y1, L6),  (L1, y1, L5),  (L1, y1, L1),  (L1, y1, labQ),  
 
Relation RDGEN/3: 
(L6, y1, L6),  (L5, y1, L5),  (L4, z1, L4),  (L2, z1, L2),  (L1, y1, L1),  
 
Relation RDIN/3: 
(L6, z1, L2),  (L6, z1, L4),  (L6, y1, L1),  (L6, y1, L5),  (L6, x1, labQ),  
(L5, z1, L4),  (L5, y1, L1),  (L5, y1, L5),  (L5, x1, labQ),  
(L4, z1, L2),  (L4, z1, L4),  (L4, y1, L1),  (L4, y1, L5),  (L4, x1, labQ),  
(L3, z1, L2),  (L3, z1, L4), (L3, y1, L1), (L3, y1, L5), (L3, x1, labQ),  
(L2, y1, L1),  (L2, z1, labQ),  (L2, x1, labQ),  
(L1, x1, labQ),  (L1, z1, labQ),  (L1, y1, labQ),  
 
Relation RDOUT/3: 
(L6, z1, L2),  (L6, z1, L4),  (L6, y1, L6),  (L6, x1, labQ),  (L5, z1, L4),  
(L5, y1, L5),  (L5, x1, labQ),  
(L4, z1, L4),  (L4, y1, L1),  (L4, y1, L5),  (L4, x1, labQ),  
(L3, z1, L2),  (L3, z1, L4),  (L3, y1, L1),  (L3, y1, L5),  (L3, x1, labQ),  
(L2, y1, L1),  (L2, z1, L2),  (L2, x1, labQ),  
(L1, y1, L1),  (L1, z1, labQ),  (L1, x1, labQ),  
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Stack length: 196 
Stack:  
SOME [] SOME [] SOME [] SOME [] SOME [] SOME [] SOME [] SOME [] SOME [] SOME [0] SOME []  
SOME [] SOME [0] SOME [] SOME [0] SOME [] SOME [4,6,8,0] SOME [3] SOME [] SOME [] SOME [] SOME [] 
SOME [] SOME [] SOME [] SOME [] SOME [8] SOME [] SOME [7,6,8] SOME [2] SOME [] SOME [8,4] SOME [] 
SOME [] SOME [8,4] SOME [] SOME [8,4] SOME [] SOME [8,4] SOME [] SOME [] SOME [8,4] SOME []  
SOME [4] SOME [] SOME [] SOME [4] SOME [] SOME [4] SOME [] SOME [7,6,5,4] SOME [2] SOME []  
SOME [0,5] SOME [] SOME [0,5] SOME [] SOME [0,5] SOME [] SOME [] SOME [0,5] SOME [] SOME [0,5] 
SOME [] SOME [] SOME [0,5] SOME [] SOME [5] SOME [] SOME [4,6,5] SOME [3] SOME [] SOME [7]  
SOME [] SOME [7] SOME [3] SOME [] SOME [9] SOME [] SOME [9] SOME [] SOME [0] SOME [] SOME [9] 
SOME [2,3,1] SOME [] SOME [] SOME [9] SOME [2,3,1] SOME [] SOME [9] SOME [2,3,1] SOME [] SOME [] 
SOME [9] SOME [2,3,1] SOME [] SOME [9] SOME [2,3,1] SOME [] SOME [] SOME [9] SOME [2,3,1] SOME [] 
SOME [9] SOME [2,3,1] SOME [] SOME [] SOME [9] SOME [2,3,1] SOME [] SOME [9] SOME [3,2,1] SOME [] 
SOME [] SOME [9] SOME [3,2,1] SOME [] SOME [9] SOME [3,2,1] SOME [] SOME [7,5,4,6,8,0] SOME [2,1] 
SOME [] SOME [9] SOME [] SOME [9] SOME [] SOME [9] SOME [1,2,3] SOME [] SOME [7] SOME [3]  
SOME [] SOME [5] SOME [3] SOME [] SOME [4] SOME [2] SOME [] SOME [8] SOME [2] SOME [] SOME [0] 
SOME [3] SOME [] SOME [] SOME [] SOME [] SOME [7,5,0,9] SOME [3] SOME [] SOME [] SOME [] SOME [] 
SOME [7,5,0,9] SOME [3] SOME [] SOME [] SOME [] SOME [4,8,9] SOME [2] SOME [] SOME [] SOME [] 
SOME [4,8,9] SOME [2] SOME [] SOME [] SOME [] SOME [] SOME [7,5,0,9] SOME [3] SOME [] SOME [8]  
SOME [] SOME [6] SOME [] SOME [] SOME [6] SOME [] SOME [7,4] SOME [] SOME [5] SOME [] SOME [] 
SOME [] SOME [] SOME [0,8,4,5,7,9] SOME [7,5,4,6,8,0] SOME [7,5,4,6,8,0] SOME [7,5,4,8,0] SOME [7,5,4,8,0] 
SOME [0,8,5,6,4] SOME [3,2,1] SOME [0] 
Buckets length: 448 
Buckets:  
[] [] [] [(58/4,59)] [(181/0,182)] [(123/7,124)] [] [] [] [(51/3,52)] [] [] [] [] [(116/9,117)] [] [] [] [] [] [] [] [] [] 
[(167/6,172)] [(167/7,176)] [(167/8,168)] [] [] [] [] [(30/4,33)] [] [] [] [(30/8,32)] [(30/9,31)] [(23/3,24)] [] [] [] [] [] [] 
[] [] [] [(16/6,17)(74/0,75)] [] [] [] [(74/4,96)] [(74/5,103)] [(74/6,89)] [(74/7,110)] [(2/0,21)(74/8,82)] [] [] [] 
[(2/4,12)] [(2/5,16)] [(2/6,14)] [] [(2/8,19)(67/9,68)(125/3,126)] [(60/3,61)] [] [(183/0,184)] [] [] [] [] [] [] [] [] 
[(46/0,48)(111/1,112)] [(118/9,119)(111/2,164)] [(111/3,123)] [] [] [(46/5,49)] [] [(46/7,50)(104/1,105)] [(104/2,152)] 
[(46/9,47)(104/3,128)] [(39/3,40)] [] [] [(169/8,170)] [(97/1,98)] [(97/2,147)] [(97/3,138)] [] [] [] [] [(90/1,91)] 
[(90/2,157)] [(90/3,133)] [] [] [] [] [(83/1,84)] [(83/2,169)] [(83/3,186)] [] [] [] [] [(76/1,77)] [(76/2,116)] [(76/3,181)] 
[] [] [] [] [(4/0,51)] [] [] [] [(4/4,57)] [(4/5,60)] [] [(4/7,63)] [(4/8,54)(69/9,70)] [] [] [] [] [] [] [(120/3,121)] [] [] [] [] [] 
[(55/8,56)(178/3,179)] [] [] [] [] [] [] [] [] [] [] [] [] [] [] [(34/2,35)(164/4,165)] [] [] [] [(164/8,177)] [] [] [(157/4,158)] 
[] [] [] [(157/8,173)] [] [] [] [] [] [] [] [] [] [] [] [] [] [] [(6/0,76)] [] [] [] [(6/4,97)] [(6/5,104)] [(6/6,90)] [(6/7,111)] 
[(71/9,72)(6/8,83)] [] [] [] [] [(64/7,65)] [] [(57/2,58)] [] [] [] [] [] [] [] [] [] [] [] [] [] [] [] [] [] [] [(166/2,167)] 
[(108/9,109)] [] [] [] [] [] [] [(101/9,102)] [(29/2,30)(159/4,160)] [] [] [] [(159/8,174)] [] [(94/9,95)] [(152/4,153)] [] [] 
[] [] [] [(87/9,88)] [(145/4,146)] [(145/5,151)] [(145/6,156)] [(145/7,163)(138/0,193)] [] [(73/1,74)] 
[(80/9,81)(73/2,114)] [] [(138/5,139)] [] [] [] [(66/1,71)] [(1/1,9)(66/2,69)] [(1/2,10)(66/3,67)] [(1/3,11)] [] [] [] [] [] [] 
[] [] [] [(52/0,53)] [] [] [] [] [] [] [] [] [] [(45/3,46)] [] [] [] [] [] [] [] [] [] [] [] [] [(161/4,162)] [] [] [] [(161/8,175)] 
[(24/0,26)] [] [(154/4,155)] [] [] [(24/5,27)] [(154/8,171)] [(24/7,28)] [] [(24/9,25)(147/4,148)] [] [] [(140/0,194)] [] [] 
[] [] [(140/5,141)] [] [(133/0,190)] [] [(3/0,23)] [] [] [(133/5,134)] [(3/4,34)] [(3/5,39)] [] [(3/7,45)] [(3/8,29)] 
[(126/4,137)] [(126/5,127)] [(61/5,62)(126/6,132)] [] [] [] [(54/2,55)] [] [] [] [] [] [] [] [] [] [] [] [(40/0,42)] 
[(112/9,113)] [] [] [] [(40/5,43)] [] [(40/7,44)] [(105/9,106)] [(40/9,41)] [] [] [] [] [] [(98/9,99)] [] [] [] [] [] [] 
[(91/9,92)] [(149/4,150)] [] [] [(142/0,195)] [(19/6,20)] [] [(84/9,85)] [] [(142/5,143)] [] [(12/5,13)(135/0,191)] [] 
[(5/0,66)] [(77/9,78)] [] [(135/5,136)] [(5/4,93)] [(5/5,100)] [(5/6,86)] [(5/7,107)] [(5/8,79)] [(63/3,64)] [(128/5,129)] 
[(186/0,187)] [] [] [] [] [] [] [(179/0,180)] [(114/0,115)(121/7,122)] [] [] [(179/4,192)] [] [(179/6,189)] [] [(179/8,185)] 
[(107/1,108)] [(107/2,161)] [(107/3,142)] [] [] [] [] [(100/1,101)] [(100/2,149)] [(100/3,140)] [] [(35/4,38)] [] [] 
[(93/1,94)] [(35/8,37)(93/2,159)] [(35/9,36)(93/3,135)] [] [] [] [] [(86/1,87)] [(86/2,154)] [(86/3,130)] [] [] [] [] 
[(79/1,80)(144/2,145)] [(21/8,22)(79/2,118)] [(79/3,183)] [] [(14/4,15)] [] [] [(14/7,18)(7/0,178)] [] [] [] [(7/4,144)] 
[(7/5,125)(130/0,188)] [] [(0/0,8)(7/7,120)] [(7/8,166)] [(7/9,73)] [(130/5,131)] [] [] []  
Number of elements: 188 
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Stack length: 209 
Stack:  
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE SOME [c,c,c] SOME [c,c,c]  
SOME [c,c,c] SOME [c,c,c] SOME [c,c,c,c,c] SOME [c,c,c,c,c] SOME [c,c,c,c] SOME [c,c,c,c] SOME [c,c,c,c] 
SOME [c,c,c,c] SOME [c,c,c,c] SOME [c,c,c,c] SOME [c,c,c,c] SOME [c,c,c,c] SOME [c,c,c,c] NONE NONE 
NONE NONE NONE NONE NONE SOME [c,c,c,c,c] SOME [c,c,c,c,c] SOME [c,c,c,c] SOME [c,c,c,c]  
SOME [c,c,c,c] SOME [c,c,c,c] SOME [c,c,c] SOME [c,c,c] SOME [c,c,c] SOME [c,c,c] SOME [c,c,c]  
SOME [c,c,c] SOME [c,c,c] SOME [c,c,c] NONE NONE NONE NONE NONE NONE SOME [c,c,c,c]  
SOME [c,c,c,c] SOME [c,c,c,c] SOME [c,c,c,c] NONE NONE NONE NONE NONE NONE SOME [c,c,c,c,c] 
SOME [c,c,c,c,c] SOME [c,c,c,c,c] NONE NONE NONE NONE NONE NONE SOME [c,c,c] SOME [c,c,c] 
 SOME [c,c,c] SOME [c,c,c] SOME [c,c,c] NONE NONE NONE NONE NONE NONE SOME [c,c,c]  
SOME [c,c,c] SOME [c,c,c] SOME [c,c,c] SOME [c,c,c] SOME [c,c,c] SOME [c,c,c] NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE NONE 
NONE NONE NONE NONE SOME [c,c,c,c,c,c,c,c,c] SOME [c] SOME [c] NONE NONE SOME [c] SOME [c] 
Buckets length: 448 
Buckets:  
[] [(188/4,189)] [] [] [] [(188/8,196)] [(51/0,52)] [] [] [] [] [] [] [] [(116/9,117)] [(174/4,175)] [(44/3,45)] [] [] [] 
[(102/1,103)] [(102/2,184)] [(102/3,166)] [] [] [] [] [] [] [] [(160/5,161)] [] [] [] [(23/0,25)] [] [] [] [] [(23/5,26)] [] 
[(23/7,27)] [] [(23/9,24)] [] [] [] [] [] [] [] [] [(197/0,198)] [] [(132/1,133)] [(2/0,20)(132/2,186)] [(132/3,172)] [] [] 
[(2/4,11)] [(2/5,15)] [(2/6,13)] [(2/7,138)] [(2/8,18)] [] [] [(60/5,61)] [(190/8,191)] [] [] [(53/2,54)] [] [] [] [] [] [] 
[(176/4,177)] [] [] [] [] [(39/0,41)] [] [] [] [] [(39/5,42)(162/0,203)] [] [(39/7,43)] [] [(39/9,40)] [(162/5,163)] [] [] [] [] 
[(97/9,98)] [] [] [] [] [] [] [(18/1,88)] [(18/2,89)] [(18/3,90)] [(18/4,91)] [(18/5,92)] [(18/6,19)] [(18/7,150)] 
[(83/9,84)(11/1,108)(18/8,151)] [(11/2,109)(18/9,152)] [(11/3,110)] [(11/4,111)(199/0,200)] [(11/5,12)] [(11/6,126)] 
[(4/0,50)(11/7,127)] [(11/8,128)] [(11/9,129)] [] [(4/4,56)] [(4/5,59)] [] [(4/7,62)] [(4/8,53)] [(62/3,63)] [] [] [] [] [] [] 
[] [] [] [] [] [] [(178/4,179)] [] [] [] [] [] [(113/9,114)] [] [] [] [(164/0,204)] [] [] [(106/9,107)] [] [(164/5,165)] 
[(34/4,37)] [] [] [] [(34/8,36)] [(34/9,35)] [] [] [] [] [(85/1,86)] [(20/1,75)(85/2,190)] [(20/2,76)(85/3,201)] [(20/3,77)] 
[(20/4,78)] [(20/5,79)] [(20/6,80)] [(20/7,81)] [(20/8,21)(13/1,99)] [(13/2,100)(20/9,153)] [(13/3,101)] 
[(13/4,14)(201/0,202)] [(13/5,130)] [(13/6,131)] [(13/7,17)(6/0,72)] [(13/8,148)] [(13/9,149)] [] [(6/4,105)] 
[(6/5,115)] [(6/6,96)] [(6/7,135)(136/9,137)] [(6/8,85)] [] [] [] [] [] [] [] [] [(57/4,58)] [] [] [(115/1,116)] [(115/2,178)] 
[(115/3,160)(180/4,181)] [(50/3,51)] [] [] [(180/8,192)] [] [] [] [] [] [(166/0,205)] [] [] [] [] [(166/5,167)] [] [] [] [] [] [] 
[] [(29/4,32)] [] [] [] [(29/8,31)(94/9,95)] [(29/9,30)] [(22/3,23)] [] [] [] [] [(15/1,118)] [(15/2,119)] [(15/3,120)] 
[(15/4,121)] [(15/5,122)] [(15/6,16)(138/1,139)] [(15/7,123)(138/2,140)] [(15/8,124)(138/3,141)] 
[(15/9,125)(138/4,142)] [(138/5,143)] [(138/6,144)] [(138/7,145)] [(138/8,146)] [(138/9,147)] [(1/1,8)(73/9,74)] 
[(1/2,9)] [(1/3,10)] [] [] [] [] [(66/9,67)] [(59/3,60)] [] [] [] [] [] [(182/4,183)] [] [] [] [(182/8,193)] [(45/0,47)] [] [] [] 
[] [(45/5,48)(168/0,206)] [] [(45/7,49)] [] [(45/9,46)] [(38/3,39)(168/5,169)] [] [] [] [(96/1,97)] 
[(103/9,104)(96/2,182)] [(96/3,164)] [] [] [] [] [] [] [] [] [] [] [] [(82/1,83)(154/9,155)] [(82/2,156)] [(82/3,199)] [] [] [] 
[] [] [] [] [] [] [] [] [(3/0,22)] [] [] [] [(3/4,33)] [(3/5,38)] [] [(3/7,44)(133/9,134)] [(3/8,28)(68/9,69)] [] [] [] [] [] [] 
[(184/4,185)] [] [] [] [(184/8,194)] [(112/1,113)] [(54/8,55)(112/2,176)] [(112/3,170)] [] [] [(170/0,207)] [] 
[(105/1,106)] [(105/2,174)] [(105/3,168)] [(170/5,171)] [] [] [] [] [] [(33/2,34)] [] [] [] [] [] [] [] [] [] [] [] [(156/9,157)] 
[] [] [] [] [] [] [] [] [] [] [] [] [(135/1,136)] [(5/0,65)(135/2,188)] [(135/3,158)] [] [] [(5/4,102)] [(5/5,112)] [(5/6,93)] 
[(5/7,132)] [(70/9,71)(5/8,82)] [] [] [] [] [(63/7,64)] [] [(56/2,57)(186/4,187)] [] [] [] [(186/8,195)] [] [] [] [] [] 
[(172/0,208)] [] [] [] [] [(172/5,173)] [] [] [] [] [] [] [] [] [] [] [(93/1,94)] [(93/2,180)] [(28/2,29)(93/3,162)] [] [] 
[(158/7,159)] [] [] [] [] [] [] [] [] [] [(86/9,87)] [] [] [] [] [] [(72/1,73)] [(72/2,154)] [(72/3,197)] [] [] [] [] 
[(0/0,7)(65/1,70)] [(65/2,68)] [(65/3,66)] [] [] [] []  
Number of elements: 202 
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